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Wave Theory of Heat Transfer 


YAN PO CHANG! 


Visiting Professor, Department 
of Engineering, University of 
California, Los Angeles, Calif. 


in Film Boiling 


This paper is an extension of a previous one |1\* in which heat transfer has been 
analyzed by the wave theory for natural convection and for nucleate boiling in detail 
and for film boiling in principle. In the present paper, heat transfer in saturated 


and subcooled film boiling from horizontal and vertical surfaces is analyzed from the 
viewpoint of the previously presented idea. By means of the concept of equivalent ther- 
mal diffusivity a generalized Prandtl number is recommended. Thus a general 
formula is obtained for both convection and boiling. The predicted results agree well 


Introduction 


ne MOST BOILING heat-transfer equipment is 
operated in the nucleate regime, film boiling sometimes may 
occur in some types of equipment, such as nuclear reactors and 
quenching apparatus. Film boiling is characterized by the 
existence of a continuous vapor film coating the heat-transfer 
surface, and, therefore, its analysis is more susceptible to theoreti- 
eal attack. 


1 On leave from Cheng Kung University, Taiwan, China. 

? Numbers in brackets designate References at end of paper. 

Contributed by the Heat Transfer Division and presented at the 
Semi-Annual Meeting, Detroit, Mich., June 15-19, 1958, of THe 
AMERICAN SociETY OF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, February 
13, 1958. Paper No. 58-——SA-19. 


with the experiments of previous investigators. 


In this paper two cases of heat transfer in film boiling are con- 
sidered: One is ong horizontal surface and the other along a verti- 
cal plate, a general formula being obtained in each case for both 
saturated and subcooled boiling. While the test data for heat 
transfer from the flat surface are very scarce, at least to the 
author’s knowledge, the predicted results can be made only in 
comparison with the experimental values for the case of tubes. 

The fundamental method employed in this paper is the same 
as that in a previous one, reference [1], where the heat transfer 
in natural convection and in boiling has been analyzed. By in- 
troducing the concept of wave motion in the interface of the liquid 
and its vapor and that of an ‘‘equivalent thermal diffusivity” in 
the two-phase heat transfer, the problem of the film boiling in a 
pool is reduced to one corresponding to natural convection. 

Photographic studies on film boiling from tubes have clearly 
shown the existence of wave motion in the interface of the liquid 
and its vapor [2-4]. A theoretical treatment of heat transfer 


Nomenclature 


A = constant hy’, = apparent heat-transfer  coeffi- i,y = velocity components in z, y- 
a = amplitude of wave, ft Ree’ cients in film boiling from hori- directions 
B = const zontal and vertical surfaces, @ = net equivalent thermal diffusiv- 
C. respectively, due to convec- ity in film boiling by both con- 
tn const tion alone, Btu/(hr)(sq ft) vection and radiation, sq ft/ 
= velocity of wave propagation, (deg F) (hr) 
fph h, = be a, = in 
diation, Bbtu/(hr )(sq ft (de: ) m boiling by convection 
C, = specific heat, Btu (Ib F) k = thermal the) alone, sq ft/(hr) 
e =. base of natural logarithm (sq ft)(deg F/ft) \ = latent heat of vaporization, 
F = force per unit mass | = wave length, ft Btu/(Ib) 
f = frequency of wave, cycles per Pr = Prandtl number uw = absolute viscosity, Ib/(ft)(hr) 
hour (eph) Pr* = generalized Prandtl] number v = kinematic viscosity, sq ft/(hr) 
g = gravitational acceleration, ft q = net rate of heat transfer, Btu/ p = density, pef 
(hr)? (hr )(sq ft) o = surface tension, lb/ft 
Cle «= Cleatieal weno dney = net rate of heat transfer by con- 6 = net thickness of vapor film when 
@ve vective alone from horizontal both convection and radiation 
, — and vertical surfaces, respec- are considered, ft 
h = net heat-transier coefficient in tively, Btu/(hr)(sq ft) 6. = thickness of vapor film when 


film boiling, Btu/(hr)/(sq 
ft)(deg F) 


dnc’, = apparent rate of heat transfer by 
convection alone hori- ft 


only convection is considered, 


h, = heat-transfer coefficient in nu- zontal and vertical surfaces, 7 = period of wave, hr 
cleate boiling, Btu/(sq ft)(deg respectively, Btu/(hr)(sq ft) €; = emissivity of liquid 
F (hr) T = temperature, deg F €, = emissivity of heating surface 
huey = net heat-transfer coefficients in ¢ = time, hr Physical properties with subscripts v 
hve film boiling from horizontal u = velocity of vapor flow, fph and | denote those of vapor and of liquid. 
and vertical surfaces, respec- Zr, y = co-ordinates in directions paral- | Temperature with subscripts w, sat, 0, in- 


tively, due to convection 
alone, Btu/(hr)(sq ft)(deg F) 


Journal of Heat Transfer 


lel and normal to heating sur- — dicates that of the wall, of saturation, and 
face, respectively 


of the liquid, respectively. 
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based on this motion of the interface was given by the author [1]. 

As to the equivalent thermal diffusivity the essentially different 
feature of film boiling from that of natural convection lies in the 
fact that the heat transferred through the vapor is being ab- 
sorbed by the evaporation of the liquid along the interface. Thus 
the thermal capacity, in effect, will become larger and the 
thermal! diffusivity smaller than those of the vapor alone. Despite 
the considerable difficulty generally encountered in the solution of 
this kind of problem, several methods are available in the current 
scientific literature. Lightfoot [5] used the concept of a moving 
heat sink to solve solidification and melting problems. Forster 
[6] employed the same concept in dealing with the dynamics of 
vapor bubbles in nucleate boiling. Neumann [7] obtained an in- 
genious particular solution for the differential equations of heat 
conduction through the solid and through the liquid. 
method will be followed in the ensuing analysis. 


Neumann’s 
This method is 
further extended to include the effect of heat transfer caused by 
radiation at elevated temperatures, 


Proposed Mechanism 


It has been shown in reference [1] that in film boiling over a 
horizontal plate a standing wave will exist on a plane surface 
forming the common boundary of the liquid and the vapor, pro- 
vided the wave length is smaller than a critical value 


a 
(1) 
WP, — p,) 


where @ is the surface tension, g the gravitational acceleration, 
and p;, p, the densities of the liquid and its vapor, respectively. 
Thus the vapor should break the interface in a spacing approxi- 
mately equal to this critical wave length, that is, there will be 
two columns of vapor bubbles in each wave length. 

Starting with a thin film of vapor, as heat continues to flow, the 
vapor film over the horizontal surface will grow thicker and 
thicker until, at a certain thickness, instability will set in and the 
interface will start to break up, yielding the vapor out of the film 
as bubbles. 


ler 


A study on the stability phenomenon can be made 
easily by considering the damping effect of the vapor viscosity, as 
will be seen later. 

In the case of boiling along a vertical surface a smooth and 
laminar flow of vapor will prevail near the lower end of the plate, 
with wave motion in the interface. As the distance increases, the 
film thickness becomes larger, the rate of heat transfer decreases 
(for constant wall temperature), and the wave length becomes 
longer, with an increase of amplitude. At a certain height the 
wave will become unstable, roll up into vortexes, and break the 
interface with irregular vapor bubbles. In consequence of this 
turbulent motion, the net thickness of vapor film will be reduced 
to the order of magnitude of boiling over the horizontal surface. 

Once the vapor film has been established, the heat transfer can 
be considered as by conduction through the average thickness of 
this film. 


Relation Between Film Thickness and Time 


By the same reasoning as in reference [1] the eddy diffusivity 
in the vapor film and in the liquid immediately adjacent to the 
interface can be considered as negligibly small in comparison with 
the thermal diffusivity. In the case of heat conduction through 
a semi-infinite substance without phase change it has been de- 
termined that the time required to heat up the substance to a 
depth of y is proportional to y?/4a@ where a denotes the thermal 
diffusivity of the substance. 

When the substance changes phase at heating the relation be- 
tween the depth y and time ¢ will not be as simple as in the case of 
conduction without phase change. In order to secure the relation 
between y and t, one has to set up an imaginary system: Suppose 
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that a liquid is to be heated from the top by a plate which is 
weightless and moves freely upward as the vapor is being gen- 
erated from the liquid. Suppose further that there is no dis- 
turbance causing the vibratory motion of the interface between 
the vapor and the liquid. Consider the heating surface as the 
z-axis and the downward normal direction as the y-axis. At a cer- 
tain time ¢ the vapor will cover a certain distance of y, which is 
denoted by 6,(t). At the interface the temperature has to be the 
saturation point of the liquid. 

In the vapor region, the temperature distribution is given by 
the equation 


06, 
for 0 < y < 6(t) (2) 
ol oy? 

where 0, = 7’, — Teat, the temperature difference between the 


saturated temperature and the temperature of the vapor at any 
point from y = 0 to y = 6,(t), and a@, denotes the thermal diffus- 
ivity of the vapor. 

In the region of the liquid the temperature must satisfy 


06; 076, 
= a, — for y > 6{t (3) 
where 6, = Tat — 7), the temperature difference between the 


saturation temperature and the temperature of the liquid at any 
point, y > 6,(t), and a, representing the thermal diffusivity of the 
liquid. 

Let T,, be the initial temperature of the vapor which is also the 
temperature of the heating wall, and 7) the initial temperature of 
the liquid which is also the bulk temperature of the liquid. Then 
the boundary conditions are 


6, = Tar — T, = —9, for y = 0 (4) 
6, = T= es To = 0, for y > b(t) (5) 
6, = 6, =0 for y = (6) 


Denote the latent heat of vaporization of the liquid by A. 
When the interface goes down a distance d[6(t)] an amount of 
heat Ap,d[6.(t)] per unit area is absorbed snd must be the net re- 
sult of heat flow by conduction through the vapor and the liquid, 
and by radiation. If the radiation is disregarded, the energy 
equation can be written as 
06, 06, dé. 


= Xp, (7) 
oy oy dt 


k 
where k, and k, are the thermal conductivities of the vapor and of 
the liquid, respectively. The foregoing differential equations and 
the boundary conditions are identical with those which Neumann 
used in solving the problem of melting ice [7]. With the boundary 
conditions (4) and (5) a particular solution of Equations (2) and 
(3) is obtained as 


8 

y 

0, = 0, + Berfc —— (9) 


where A and B are constants and are to be determined by the 
boundary conditions (6), 


6 
0, = Aerf = 


6, 


(10) 
2( 


It follows that 6, must be proportional to the square root of ¢, 
thus 


5. = 2(a,t)'/? 


(11) 
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where is a constant. Substituting Equation (11) into Equation 
(7) yields a, to be satisfied in the following equation: 


= (12) 


(wa,)'?? erf (a,/a,)'/* erfe (a, /a,)'/? 


In comparing Equation (11) with the solution of heat conduc- 
tion in homogeneous substance, a, may be termed as the equiva- 
lent thermal diffusivity in heat conduction through a substance 
with change of phase. Thus when a, is known, the constants A 
and B are found from Equations (10) and the relation between 
the thickness of vapor film and the time is given by Equation 
(11). 


Equivalent Thermal Diffusivity 


An explicit expression of the equivalent thermal diffusivity, a@,, 
cannot be obtained from Equation (12) and the solution has to be 
carried out numerically. In Figs. 1 and 2 are shown the values of 
@, at one atmospheric pressure for water in terms of 0, and 0,, 
respectively. In the particular case where 0, = 0, Equation (12) 
may be simplified to the following form 


'/s 


= \p,vV/a, (13) 


(wa,) '/erf (a./a,)'/? 

Caleulations show that the ratio of @, to a@, is always very 
small. This comes as it ought to be, because of the tremendous 
increase of the effective thermal capacity, C,. Thus the ex- 
ponential and error functions in Equation (13) may be replaced 
by one or two terms of their power series and an approximate 
value of a, is obtained. Using only the first terms of these two 
power series will give 


(14) 
2\p, 


Caleulated values of a, from Equation (14) for water and for 
benzene are plotted in Figs. 1 and 3 where it can be seen that 


40 


@ Tsar—To*0 


EQUIVALENT THERMAL DIFFUSIVITY, FT®/HR x 107' 


a OF FILM BOILING FROM 0.35!" 
CHROMENICKEL VERTICAL SURFACE 
a OF FILM BOILING FROM INFINITE 
CHROMENICKEL HORIZONTAL SURFACE 
@, OF FILM BOILING FOR BOTH 
CASES BY CONVENTION ALONE 


1,000 1,200 
Oy Tw - Tear, F 


Fig. 1 Equivalent thermal diffusivity of water in saturated film boiling 
under one atmospheric pressure 
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Equation (14) yields values of a, extremely close to those calcu- 
lated from Equation (13) for ali values of 8,. In saturated boiling 
0, is generally so small that the term containing it in Equation 
(12) can be neglected. Thus the equivalent thermal diffusivity of 
saturated film boiling can be simply determined from Equation 
(14). This conclusion holds not only for water but for any other 
liquid. 

When the liquid is slightly subeooled, such as from 5 to 10 F, 
calculations from Equation (12) will show that the ratio of a, to 
a, is much larger than unity. Then the exponential and comple- 
mentary error functions in the second term of Equation (12) may 
be replaced by the first term of their resultant series and the ap- 
proximate value of @, is obtained 


20 


S°F, ac x 10% 
——— 10°F, 10* 
—--— 6, =S0°F, a,x 10° 
+ 100°F, 108 | 


T 


EQUIVALENT THERMAL DIFFUSIVITY, ac, FT®/HR 


1,400 


1,000 1,200 


8, * Tw- Tsar. °F 


Fig. 2. Equivalent thermal diffusivity of water in subcooled film boiling 
under one atmospheric pressure 


x1io72 


FT2/HR 


EQUIVALENT THERMAL DIFFUSIVITY, 


200 300 


Oy * Tw-Tsor, °F 


400 


Fig.3 Equivalent thermal diffusivity of benzene in saturated film boiling 
by convection alone under one atmospheric pressure 
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2Ap, + Pi) 


a, 


For higher subcooling a, has to be solved numerically from Equa- 
tion (12). 


Film Thickness in Boiling on Horizontal Surface 


The vapor is continuously generated from the interface and so 
the thickness of the vapor film would grow continuously. How- 
ever, a8 soon as the vapor film grows to a certain thickness, the 
heat transferred will decrease to such an amount that the wave 
length will be still longer than the critical one, as given by Equa- 
tion (1). Owing to the unequilibrium condition of hydrodynamic 
forces the interface will begin to break up and to form vapor 
bubbles. Thus the vapor film will restore to such a proper thick- 
ness that equilibrium condition will be re-established under the new 
environment, Since the vapor will be given away from the inter- 
face periodically a definite average film thickness will be main- 
tained at a given heat flow for a given system. Hence the period 
and the frequency of the bubble liberation from the interface are 
connected with the relation of Equation (11), and are given by 


6.2 


4a, 


(15) 


4a, 


(16) 


Comparing Equation (16) with the equation (17) of reference 
[1] shows that a, is corresponding to the thermal diffusivity of a 
substance. Similarity also exists between a, in this paper and a, 
which is referred to as the equivalent thermal diffusivity of nu- 
cleate boiling [1 

To determine the film thickness, the stability of the wave mo- 
tion should be studied first. In pool boiling over a horizontal 
surface the wave is of standing type. The velocity of a particle 
at the wave node is in the horizontal direction and is equal to 


dx 4 Sraa, 
= 2nraf = (17) 
where a denotes the amplitude of the wave. The wavy deforma- 
tion of the interface creates a buoyant force to the vapor inside 
the film. Since the vertical component of capillary force is small 
in comparison with the gravitational force at the instant con- 
cerned, the effective force applied to unit mass of the vapor is, 
according to reference {1}, 


_ 20 Pi — Py) 


6, 


sin 


This force gives a horizontal velocity of the particle at the wave 
node as 


WP, Pw) aé, 


u (18) 
The condition that the velocities given by Equations (17) and 
(18) are equal will be the criterion of stability for the wave mo- 
tion in the interface. When 6, is smaller than a critical value, z 
will be larger than u and the surface of the wall will constitute an 
interference or damping effect. Inversely, if 6, is larger than a 
critical value, u will surpass ¢. The unequilibrium condition of 
the buoyant force and viscous force will cause the wave to amplify 
itself until the interface breaks up. Thus the critical film thick- 
ness is to be determined by equating Equations (17) and (18). 


a, 
g(pi — py) 


which is in the same form as that in natural convection and that 


(19) 
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in nucleate boiling [1]. Once this film has been established after 
the beginning stage, its average thickness will remain in a defi- 
nite value unless the condition of heating is changed. 


Heat Transfer on a Horizontal Surface 


By the Fourier’s law of heat conduction, the total heat energy 
entering the vapor film in the time interval from ¢ = 0 tot = 7 


1s 
Q.' = ( = ) 
Ta, 


and the average heat transferred per unit time per unit area is 


A 
k, 1 
(wa,r) 


qu 


Combining Equation (11) with this equation yields 


A ( 4a, 
6. \ ma, 


The value of A is found from Equations (10) and (11) 


9, 


~ erf (a,/a,)'/* 


Therefore the heat transfer per unit time per unit area is given by 


4a, 1 ] 
2 : 
Ta, erf (a./a,)” 


and the heat-transfer coefficient in this transient stage is 


(4% “a1 k, 
ra, erf (a,/a,)'/* 6, 


where the temperature difference is referred to that between the 
wall and the saturation condition of the liquid. It has been 
pointed out previously that a,/a, is always very small, thus, the 
value inside the brackets of Equations (21) and (22) is nearly 
equal to unity. The heat-transfer coefficient corresponding to 
steady condition should be evaluated from the Fourier law 
of steady heat conduction, and is equal to one half of that given 
by Equation (21) 


(21) 


(22) 


Ge’ 


"L 


The Nusselt number is obtained by using a characteristic 


length L 
_ | — p,)L* va 
k, 


If “generalized’’ Prandtl and Grashof numbers are defined by 


(23) 


. (24) 


(Nuz" ne = (25) 


_ pi — 


Gr,* 


Equation (25) reduces to 


(Nuz’)he = 0.234(Pr* Gr,*)'/? (26) 


which is of the same form as that for natural convection over a 
horizontal surface [1 }. 

Equation (26) is a general equation for film boiling on a horizon- 
tal surface. In saturated boiling a, is given by Equation (14), 
and, hence, the generalized Prandtl number represents the prod- 
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EQ (26) 


Wine BTU/(HR)(SQ. FT) (°F) 


40 
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Fig. 4 Heat-transfer coefficient in saturated film boiling of water over 
a horizontal surface by convection alone 


EQ (26) 


BTU/(HR)(SQ. FT) 
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Fig. 5 Heat-iransfer coefficient in saturated film boiling of benzene over 
a horizontal surface by convection alone 


uct of the ordinary Prandtl number and a new dimensionless 


parameter 2X 
2d 
Pr* = Pr ( ) 
Cok 


For low subcooled boiling, say 0, < 10 F, 


( 2X 4 
For higher subcooled boiling, values of a, have to be caleulated 
from Equation (12). 
In Figs. 4 and 5 are plotted the apparent heat-transfer coeffi- 
cients in film boiling of water, and for benzene on a horizontal sur- 
face under one atmospheric pressure for saturated pooled boiling. 


(27) 


(27a) 


It is to be noted that these curves, especially for water, do not 
represent the true values of heat-transfer coefficients, because the 
effect of radiation has not been considered. In fact, the true 
value of the heat-transfer coefficient for water will continuously 
decrease at the increase of the superheat, 0,, as will be seen later. 


Heat Transfer From a Vertical Plate 


The heat transfer from a tube was first investigated theoreti- 
cally by Bromley in 1950 [2] and then by Ellion in 1954 [8]. 
Their derivations are similar to Nusselt’s derivation for film con- 
densation. Recently, Hsu and Westwater [9] have made a series 
of tests for a number of organic liquids boiling along the vertical 
tubes. The predicted and experimental results of Bromley and 
Ellion agree quite well, at least in the vicinity of minimum heat 
flux. The experiments of Hsu and Westwater give a considerably 
higher heat-transfer coefficient than those predicted by the other 
two investigators. This discrepancy, however, probably results 
from the fact that in some cases the test was partly in the partial 
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film range and that the tubes used are longer than the critical 
value and have different end conditions. As described previously, 
a stable vapor film can exist only in a certain distance from the 
lower end of the heating surface. Beyond this distance instability 
will set in and the prediction from the concept of Nusselt’s film 
condensation will fail to apply. Using the notations of this paper, 
Bromley’s and Ellion’s theoretical equations are 


u,LO, 


where the coefficient C, is recommended as 0.62 by Bromley and 
0.72 by Ellion. The dimensionless form of Equation (28) can be 
written as 


hy = (28) 


(Nuz)ee = C:(Pr*Gr,*)'/ (29) 

It is of great interest that Equation (26) for the horizontal sur- 
face and Equation (29) for the vertical surface are identical in 
form with the expressions for natural convections. This is not 
merely a fortunate result, but it indicates some important phe- 
nomena, As the author pointed out previously [1], convection 
and boiling should be connected by the same mechanism and, 
therefore, their heat-transfer problem should be approached by 
the same method. 

Now, with the equivalent thermal diffusivity @, having been ob- 
tained from Equation (12), the heat-transfer coefficient for film 
boiling along a vertical surface can be determined mathematically 
by the method of Lorenz and Polhausen [10] in the solution of 
natural convection along a vertical plate, and the same result will 
be obtained. This expression for the heat-transfer coefficient in 
natural convection along short vertical surfaces, either plate or 
cylinder, can be found from various texts of heat transfer and is 
generally recommended as in the following form: 


Nu, = C.(Pr Gr,)'/* (30) 


where the constant C. is recommended as 0.560, 0.555, and 0.726 
according to Saunders [11], Jakob [12] and, recently, Touloukian 
and Hawkins [13], respectively. 

If, now, the thermal diffusivity in Equation (30) is replaced by 
the equivalent thermal diffusivity of film boiling, the heat-trans- 
fer coefficient in film boiling is readily obtained. In the case of 
saturated film boiling, @, is given by Equation (14) and Equation 


(30) becomes 
k3 Va 
— Py (31) 


In view of the fact that the velocity distribution in the vapor film 
should be closer to a square parabolic than a cubic parabolic curve 
in the natural convection, a higher value of C, must be used. 
Taking (» equal to 0.72 of Touloukian and Hawkins gives the 
heat-transfer coefficient in film boiling along a short vertical sur- 
face, 


(Nuz ve = = 0.72(Pr*Gr,*)'/* (32) 


This is identical with that recommended by Ellion. It must be 
noted that Equation (32) holds also for subcooled film cooling, 
provided that a, is to be evaluated from Equation (12), as given 
in Fig. 2, and that the heat-transfer coefficient is referred to the 
temperature difference between the temperature of the wall and 
the saturation temperature of the liquid. Calculated results from 
Equation (32) for water and for benzene boiling from a vertical 
surface of 0.351 in. are shown in Figs. 6 and 7, where the test re- 
sults of Bromley from a horizontal 0.351-in. tube also are plotted 
for comparison. As in the case of the horizontal surface, these 
figures do not represent the true values of heat-transfer coefficient 
and are to be modified when radiation is considered 
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Fig. 6 Heat-transfer coefficient in saturated film boiling of water from a 
vertical surface by convection alone 


Heat-Transter Coefficient With Allowance of Radiation 


In the foregoing analysis, the heat transfer by radiation was 
not taken into consideration. It is allowable only when the 
surface temperature is low. Bromley showed that at 8, = 2000 F 
the heat transfer would be as much as that by convection alone. 
In view of the fact that any heat transferred by radiation results 
in an increase in the thickness of the vapor film, the thickness of 
the vapor film should be solved simultaneously by the combined 
effect of conduction and radiation. If the vapor is considered as 
transparent, the differential equations (2) and (3) and the 
boundary conditions (4), (5), and (6) will be still valid for the 
case when the heat transfer by radiation is taken into account. 
However, Equation (7) should be modified as in the following 
form 


Dye BTU/(HR) (SO FT)(*F) 


06 
k, — + hO, —ki — 


db 
= 
oy oy dt 


where h, denotes the heat-transfer coefficient by radiation. To 
obtain the solution of 6, this may be written as 


06 


08, dé 
k —k = Xp, 33 


Denoting @ as the net equivalent thermal diffusivity, the relation 
between 6 and ¢ will be 
5 = (34) 
and Equation (12) becomes 
(mwa,)'/* erf (a/a,)* (wae,)'/* erfe (a/a,)'/* 
——~ = (35) 
2V/a PN ( 


For boiling on a horizontal plate the stability equation (19) re- 
mains at the same form, except that @. is to be changed to @ and 
the transient value of 4 is to be used. 


= Pp.) 
Thus @ can be determined by combining the two foregoing ex- 
pressions, 


(36) 


(mwa,)'/* erf (a/a,)'/* erfe (a/a,)'/* 


h,O, [ 
= 


— Py) 


] = p,v/a (37) 
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Fig. 7 Heat-transfer coefficient in saturated film boiling of benzene 
from a vertical surface by convection alone 


where ¢€, and €, designate the emissivities of the wall and the 
liquid, respectively, and K the Stefan-Boltzmann constant. 
Values of @ for saturated boiling of water over a chrome-nickel 
plate are plotted in Fig. 1. Thus the net heat-transfer coefficient 
is given by 


hy = hne + h, (39) 


where 
(40) 


The calculated values of net heat-transfer coefficient are shown 
in Fig. 8 for saturated film boiling of water under one atmospheric 
pressure. 

In the case of boiling from a short vertical surface, and if the 
parabolic velocity distribution is taken, the transient film thickness 
for a plate of length L can be obtained from Equation (32), 

2k, 2L 


v 
= Pr* = 
h, CA Pr*Gr,*)'/* 


(41) 


Substituting this value into Equation (35) will give an expression 
for the equivalent thermal diffusivity, similar to Equation (37) 
as plotted in Fig. 1. The net heat-transfer coefficient and the 
true heat-transfer coefficient by convection alone are plotted in 
Fig. 9 for saturated film boiling of water under one atmospheric 
pressure by using the following expressions 

h, = hve +h, (42) 
where hy. is given by Equation (31) with @ taking the place of a.. 
Bromley’s test results on tubes also are plotted. To make the 
comparison, a chrome-nickel vertical surface of L = 0.351 in. is 
used in calculation. The radiation of emissivity of chrome-nickel 
is about the same as that of carbon which was used by Bromley. 


Size of Vapor Bubble 


The foregoing analysis also serves to predict the size of vapor 
bubbles at the instant of their formation. The rate of heat trans- 
fer from a square area of its side equal to the critical wave length, 
Equation (1), is 


— Pr) 
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Fig. 8 Net heat-transfer coefficient in saturated film boiling of water 
over a horizontal surface by convection and radiation 


In the case of saturated film boiling over the horizontal surface, 
most of the heat must go to the formation of vapor bubbles which 
form two rising columns in each wave length. Thus the fore- 
going expression must be equal to the amount of heat required by 
the vapor bubbles per unit time. If V represents the volume of 
a vapor bubble, the heat-balance equation is given as 


— py) 


and the volume of one bubble is 


k,0, 


43 
2 — p,) 


Calculation by Equation (43) shows that the diameter cf in- 
cipient bubbles of water-boiling varies from 3.1 to 2.5 mm as the 
superheat changes from 800 to 1600 F. In this calculation, 
values of the surface tension are assumed the same as those for 
water-air interface. The accuracy of the prediction for V, there- 
fore, depends on the accuracy of values o selected. In the present 
calculation, ¢o is interpolated according to the equation given in 
the International Critical Tables. At any rate, however, it can 
be seen that the predicted diameter of the bubble is in the neigh- 
borhood of one fourth the critical wave length and appears con- 
sistent with experimental observations. 


Based upon the results presented, the following conclusions can 
be drawn: 


1 By introducing the concept of equivalent thermal diffusiv- 
ity, a general formula is obtained in boiling and in nonboiling. 
In nucleate boiting the thermal conductivity is increased by the 
turbulence caused by vapor bubbles and, hence, the thermal dif- 
fusivity. In film boiling, contrary to nucleate boiling, the thermal 
diffusivity decreases owing to the increase of the thermal ca- 
pacity, C,, as a result of the presence of the vapor-liquid inter- 
face. When the system of generalized Prandtl and Grashof 
numbers is adopted, the unified formula for Nusselt number is 


Nu, = C(Pr* Gr,*)* (44) 
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Fig. 9 Net heat-transfer coefficient in saturated film boiling of water 
from a vertical surface by convection and radiation 
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where n is equal to '/; and '/, for horizontal and vertical surfaces, 
respectively. If the frequency of wave is used as a parameter, 
this equation becomes [1] 


1 
h= (45) 


where k is to be replaced by k, in nucleate boiling and C, by 


2 In film boiling on a horizontal surface, a critical value of the 
film thickness is obtained from Equation (19), which corresponds 
to that in natural convection without boiling. It was pointed out 
in the author’s closure of reference [1] that in conjunction with the 
temperature gradient across the film the distance in the latter case 
determines the well-known Rayleigh’s criterion of fluid heated 
from below. 

3 What is the distance from the lower end of a vertical surface 
where the liquid-vapor interface will remain wavily smooth? 
The exact prediction of this critical distance would require tre- 
mendous mathematical work. No rigorous method for the solu- 
tion of this problem exists at the present time. However, con- 
siderable simplification can be gained if the wave is considered as 
potential motion and the vapor flow as viscous laminar. The de- 
tailed analysis, however, is beyond the scope of this paper and is to 
be dealt with in another one related to “the stability of convection 
and boiling.’’ It is sufficient to state at this time that a critical 
velocity of the vapor is obtainable and, thus, a critical distance 
can be determined approximately. For example, in the case of 
saturated film boiling of water under one atmospheric pressure 
this critical distance is about 2.53 in. at 8, = 1000 F. When the 
heating surface is longer than the critical length the heat-transfer 
coefficient should be calculated by Equation (31) up to this 
critical distance and by Equation (24) for the remainder of the 
surface. If the surface is very long, Equation (24) probably 
would give a better approximation than Equation (31). 

4 Equation (12) shows that subcooling will increase the 
equivalent thermal diffusivity and hence the heat-transfer co- 


in film boiling. 
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efficient. This increase, however, will be partly nullified when 
radiation is taken into account, as can be seen from Equation 
(35). It must be noted further that Equations (12) and (35) were 
derived from the transient condition. After a few hundredths of 
a second the average steady state of heat transfer will prevail 
and the original subeooled-liquid immediately adjacent to the 
vapor film will have a temperature very close to that of satura- 
tion, and even possibly slightly superheated. In consequence, 
the subcooling effect will be rendered less significant than indi- 
cated by Equations (12) and (35). 

5 The heat-transfer coefficient of film boiling over a horizontal 
surface is, in general, higher than that along a vertical plate. 
This conclusion, however, does not apply to boiling from heated 
tubes, where the contrary will be true. In the case of horizon- 
tal tube the accumulation of vapor on the upper part as well as the 
more stable nature of wave motion in the lower part undoubtedly 
will give detrimental effect to the heat transfer. This result has 
been revealed by the experiments of Hsu and Westwater [9]. 

6 The true heat-transfer coefficient by convection alone, in 
Therefore 
it cannot be expressed by types of equations as simple as Equa- 
tion (31). While its form will remain unchanged, values of @ 
should be evaluated according to relations such as shown by Equa- 
tion (35). 


general, will decrease with an increase of superheat. 


7 The effect of any variable may be calculated from its effect 
on the physical properties of the liquid and its vapor. An increase 
in pressure will increase the heat-transfer coefficient. However, 
an increase in pressure will increase the boiling point of the 
liquid which, in turn, will require higher wall temperature in the 
range of film boiling. Higher wall temperature gives rise to 
higher radiation effect and hence the true heat-transfer coefficient 
by convection alone will not increase too fast. 

8 Inthe determination of the criterion of stability of the vapor 
film over a horizontal surface, the capillarity force was neglected. 
In faet, it could have been taken into account simply by sub- 
tracting it from the gravitational force caused by the wavy 
deformation of the interface. This omission is permitted not 
only from the theory but also from the experimental results of 
Bromley who has used an additive agent in the liquid to change 
the surface tension and found its effect negligibly important in the 
Therefore the only effect of surface tension is on 
In the 
case of boiling along a vertical surface, however, it is a main factor 
in studying the stability of wave motion, although it does not ap- 
pear explicitly in the expressions of heat transfer. 


heat transfer. 
the bubble size for film boiling over horizontal surfaces. 


% In the first stage of motion development the hydrodynamic 
But, after the vapor has established, the 
While the 
bubble spacing depends mostly on the hydrodynamic phe- 
nomena, the number and size of the bubbles are to be governed 
by both the hydrodynamic and thermodynamic considerations. 


effect predominates 
thermodynamic effect plays a more important role. 


10 The magnitude of 0, corresponding to the minimum heat- 
transfer coefficient is clearly shown graphically in Figs. 4, 5, 6, 7, 
8, and 9. Evidently, it also can be obtained analytically by ex- 
pressing the physical properties in function of 0, and then apply- 
ing the theorem of maximum and minimum. In fact, the regime 
of film boiling would have started earlier than this position. The 
exact point would lie between the values of 0, corresponding to the 
maximum and minimum heat fluxes. 
water-boiling, the film regime would start at about 0, = 450 F. 
This problem in connection with its related subject on peak heat- 
flux prediction will be dealt with in a separate paper. 


For example, in the case of 
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DISCUSSION 
J. W. Westwater® 


The author is continuing to produce valuable contri- 
butions to our knowledge of theoretical heat transfer. Un- 
fortunately, there exists a great lack of the kind of data 
needed to test the predictions. No film-boiling data have 
been published for flat horizontal surfaces. For vertical sur- 
faces, no tests were published by Bromley, and the writer believes 
the author is in error in stating that Bromley had good agreement 
for vertical tubes. Ellion made tests with vertical tubes, but 
he used forced flow and a liquid greatly subcooled. The tests 
by Hsu and Westwater were with saturated liquids, on single 
vertical tubes, with no forced flow. Has the author tested his 
equations with those data? The temperature difference was as 
great as 800 deg F. 


Berthold Zarwyn‘ 


The author is to be complimented for a new approach to the 
problem of the film boiling. There are several types of ques- 
tions which occur to the writer on which the author’s comments 
would be appreciated greatly. 

1 In order to derive the heat-transfer coefficient in film 
boiling the author uses the results of Neumann’s theory for solidi- 
fication of liquids and applies them to an “imaginary” system 
consisting of a horizontal solid plane with adjacent layers of 
vapor and liquid. It will be recalled that Neumann’s method 
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applies to a moving plane boundary separating semi-infinite 
regions, each characterized by uniform physical parameters. 
In addition it stipulates that the change of volume during trans- 
formation of one phase into another can be neglected and also 
that the movement of the boundary is determined by a heat- 
conduction process with heat sinks at the boundary. 

It would appear that the premises underlying Neumann’s 
method do not apply directly to the case of film boiling. For 
example, the thermal gradient in vapor film and in liquid are 
necessary to maintain the flow of heat. This entails the non- 
uniformity of physical parameters in each of the regions which 
may be quite considerable if the superheat is high. This cir- 
cumstance in turn affects the form of the mathematical solution, 
rendering the equivalent thermal diffusivity @, as defined in 
equation (11) different from that derivable from equation (12). 
In this connection, it might be worth while to refer to the paper 
by Lyubov [14}* who computed the rate of solidification of a 
liquid, taking into account the temperature dependence of the 
physical parameters of the material. The results of this reference 
indicate that the discrepancy in the value a, as calculated from 
(12), and that corrected for the temperature dependence of 
physical parameters, may be quite significant in the case of the 
film boiling. 

Assuming the physical properties in vapor and in liquid to be 
constant the author derives various formulas containing those 
assumed constant parameters. It is apparent that owing to the 
presence of thermal] gradient in the vapor and liquid films (par- 
ticularly in the case of high pressures and superheats) this opens 
the question, at what temperature those physical parameters 
have to be evaluated. Since the author apparently has per- 
formed some numerical calculations, as evidenced by several 
figures in the text, would he care to indicate the method by which 
he determined the value of-various physical parameters and the 
theoretical justification behind it? 

The other premises of Neumann’s theory do not seem to apply 
to film boiling either. For example, it seems difficult to justify 
the neglect of the volume expansion in transition from the liquid 
to vapor phase and its effect on the movement of the boundary. 
Similarly, using the author’s own model of heat transfer in film 
boiling, based on the detachment of vapor bubbles from the liquid- 
vapor interface with the frequency determined by (15) or (16), 
it is difficult to see how the movement of these bubbles would not 
stir convective currents (in analogy to the nucleate boiling), which 
would contribute to the heat exchange in addition to the pure 
conduction. From this point of view the basic equation (7) 
seems to be somewhat oversimplified. It is also not clear to 
the writer why the movement of the boundary should be deter- 
mined from a heat-balance equation (7) where conceivable 
dynamic effects due to very rapid boundary movement are 
neglected (as might be the case under high superheats). Is this 
not the result of neglecting the effect of vapor expansion? This 
point may be best illustrated by reference to papers of Plesset and 
Zwick [15] or Forster and Zuber [16] where a similar problem is 
discussed for the case of bubble growth and dynamic effects 
described by Rayleigh’s equation for bubble growth (or collapse) 
are taken into account. 

2 The author gives the value of the film thickness 6, in equa- 
tion (19) derived partly on the basis of the author’s previous paper 
in which he discusses the method of deriving the convective heat- 
transfer coefficient by means of the theory of hydrodynamic 
stability in the absence of surface tension. The author seems to 
be cognizant of the fact that in film boiling, where interface 
between two phases exists, the theory of hydrodynamic stability 
should be expanded to include the surface-tension effect. How- 
ever, this is not done in this paper and the author claims that 

’ Numbers in brackets designate References at end of this dis- 
cussion. Numbers continue in sequence with those in the paper. 
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Bromley’s experiments seem to justify this. It would be recalled 
that Bromley’s correlation formula (28) for film boiling has been 
derived by considering hydrostatic equilibrium between the vapor 
film and the adjacent liquid for horizontal cylinders of compara- 
tively large radius so that the capillary effect due to the presence 
of surface curvature and tension is rather negligible. However, 
correlations can be found in the literature [17] for film boiling in 
subcooled liquids, based on a number of experiments, which 
indicate the effect of surface tension. It would appear that this 
effect would be more pronounced the smaller the radius of the 
cylinder. Again recalling the author’s physical model of heat 
transfer in film boiling, in which bubbles are being detached from 
the vapor-liquid interface, it is difficult to understand on physical 
grounds, how any correlation involving bubble formation, growth, 
or detachment, can be possible without incorporating the surface- 
tension parameter. 

On the other hand it is difficult to reconcile the author's sugges- 
tion of bubble formation in nucleate or film boiling at the points 
of wave instability in the liquid-vapor interface, with existing 
experimental evidence. Fisher [18], Bankoff [19], and others 
analyzed the problem of liquid fracture during the formation of a 
vapor bubble on the basis of the nucleation theory and compared 
the results with experiment. It appears that the theoretical 
pressure of fracture in the volume of liquid is several orders of 
magnitude higher than the observed liquid superheats can sustain. 
The irregularities of the solid surface containing gas bubbles 
trapped in them appear as the most likely centers of nucleation. 
At any rate the presence of solid surface is essential to decrease 
the energy required for bubble formation. 

Would the author care to explain how these known facts can be 
brought into agreement with his strictly hydrodynamic theory 
of bubble formation? 

3 The author assumes in his theoretical analysis the case of a 
horizontal film boiling and uses relation (1) derived by Lamb as a 
criterion of stability. Lamb’s [20] discussion of the problem of 
stability of two superimposed horizontal layers of various densities 
distinguishes the cases where the upper layer is either heavier or 
lighter than the lower one In both cases tke regions of stability 
are different. Thus, while, for the case considered by the author, 
equation (1) gives the upper limit of stability, in the case of a film 
boiling from a horizontal surface facing downward, it con- 
stitutes the lower limit of stability. Since the film boiling from a 
horizontal surface facing downward is a physically possible 
process, then using the author’s reasoning in calculating the fre- 
quency of detachment (15) of the bubble from the interface, it is 
difficult to see how to determine that frequency in this case. 

But, even using equation (1) for the case of a film boiling from 
the horizontal surface facing upward, it is difficult to determine 
what values of physical parameteis to use in view of the presence 
of thermal gradient. Some aspects of this problem have been 
mentioned already. 

In view of the foregoing argument concerning the difficulties 
resulting from the author’s conceptual model of film boiling, as 
applied to the case of a surface facing downward, the writer 
believes that the application of concepts derived for the specific 
case of horizontal film boiling, as defined in this paper, should not. 
be made use of without further justification. This concerns for 
example the use of the expression for equivalent thermal diffusiv- 
ity as defined by (11) to the case of a vertical film boiling in (30). 

4 Finally, the writer believes that a few comments of a gen- 
eral nature might be of interest. These remarks will be limited 
to the case of nucleate and film boiling. 

The author emphasizes repeatedly that his theoretical deriva- 
tions are based on the wave theory; i.e., on the stability of the 
interface of two horizontal layers of fluid of various densities. 
One of the advantages he hopes to achieve is the similarity of the 
analytical expressions for heat-transfer coefficients in convection, 
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nucleate, and film boiling. To this end he uses a mathematically 
idealized model rather than its physical counterpart. Such 
approaches have their usefulness at certain stages of theoretical 
development and can be found for example in the theory of tur- 
bulence, It seems, however, that at this stage of the knowledge 
a theory can be developed which takes better account of physical 
phenomena in nucleate and film boiling than the author's wave 
theory. 

For example, in the case of nucleate boiling which is dealt with 
in the author's previous paper, as a starting point a correlation 
is used for the convective heat transfer, which also can be obtained 
by methods of conventional boundary-layer theory. Subse- 
quently, the author uses notions of the nucleation and bubble 
theory which have been derived in other investigations by methods 
quite different from those applied by the author. The basic 
assumption (23) of the author’s previous paper, which defines the 
diffusivity from dimensional rather than analytical considerations, 
incorporates again notions of bubble theory without correlating 
them with the author’s postulated wave theory of bubble forma- 
tion. The incorporation of assumption (23) into the heat-conduc- 
tion equation yields an expression for heat transfer in nucleate 
boiling similar to that in convective heat transfer but corrected 
by «a multiplicative factor which contains a dimensionless group 
Br characteristic of nucleate boiling. It is difficult to spot in this 
whole procedure, which is more dimensional than analytical, a 
trace of wave theory of nucleate boiling. 

On the other hand it can be shown how a consistent theory 
of nucleate boiling can be developed from well-established notions 
of nucleation theory of vapor bubbles and the theory of boundary 
layer containing volumetric heat sources. The nucleation of 
vapor bubbles on the solid surface and their growth have been 
treated by numerous investigators. For example, the problem of 
nucleation rate on a solid surface is discussed by Fisher [18] and 
the problem of bubble growth on the solid surface in the presence 
of subcooled liquid is discussed by Griffith [21]. Thus, in the case 
of nucleate pool boiling it is possible to determine the weighted 
density, viscosity, conductivity, and so on, in the liquid-vapor 
mixture adjacent to the solid surface. The methods of weighting 
in the case of liquid-vapor mixtures are well known and their 
validity has been verified in the theory of friction of the two-phase 
flows [22]. Thus applying the ordinary boundary-layer theory 
for this flow with weighted physical properties it is possible to 
determine the convective heat-transfer coefficient for the liquid- 
vapor mixture, assuming first that the creation of vapor bubbles 
does not entail absorption of heat. In order to account for the 
latter, an analytical theory in reference [23] indicates how to 
relate the convective heat transfer with and without volumetric 
heat sources or sinks. The strength of volumetric heat sinks 
in the two-phase boundary laver in nucleate boiling can be deter- 
mined easily from the foregoing discussion (i.e., knowing the 
nucleation rate and the growth rate of vapor bubbles near the 
surface). The resulting expression for heat transfer in nucleate 
boiling is similar in form to the author's expression (26) in his 
first paper except that the corrective factor accounting for the 
presence of nucleate boiling has more elaborate form (see expres- 
sion 22 in reference [23]). 

A similar treatment based on existing nucleation theory of a 
vapor phase can be applied for the case of film boiling. 
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Author's Closure 


The author wishes to thank Professor Westwater and Mr. 
Zarwyn for their extensive comments. 

The author agrees with Professor Westwater in that no film 
boiling data have been available for flat horizontal surfaces, as 
was stated in the beginning of this paper. It is the author's 
opinion, however, that film boiling may be classified according to 
two principal regimes: Laminar and turbulent. The latter can 
be typified by saturated boiling on horizontal surface; the former 
may be illustrated by boiling along a vertical plate provided that 
the plate is shorter than the critical height (2 to 3 in. for water). 
Bromley’s test was conducted for a horizontal tube of a diameter 
which is smaller than the critical height of laminar regime; hence 
his results should be comparable with the predicted results in 
this paper for vertical plate. ‘ 

By the reasons mentioned previously in this paper, it seems 
inconvenient to compare the test data of Hsu and Westwater 
with calculated results from Equations (26) or (28). 
son is to be made 


If compari- 
Hsu and Westwater’s results should lie be- 
tween the predicted values from Equations (26) and (28), and this 
turns out as expected. 

It is indeed correct, as Professor Westwater pointed out, 
that Ellion’s study was for subcooled boiling in a stream. On 
account of this facet, Ellion’s data were not used for detailed com- 
parison with the present results. At any rate, the author in- 
clines to agree with Professor Westwater in that the coefficients 
of 0.234 in Equation (26) and of 0.72 in Equation (28) may re- 
quire some slight modification as more experimental data become 
available. If the average value of a, is employed, a multiplica- 
tion factor of about 90 per cent is permitted by the theory, pre- 
sented here. 

The questions raised by Mr. Zarwyn had been under considera- 
tion long before this paper was written and were discussed in 
detail when the author presented this paper at the Semi-Annual 
Meeting of ASME, Detroit, Michigan, June 21, 1958. 

In general, Neumann’s method in the solution of solidification 
and melting problems cannot be directly applicable to problems 
of vaporization in view of the large movement of interface 
caused by the volume expansion. This restriction, however, 
does not apply to the evaluation of equivalent thermal diffu- 
sivity of film boiling at steady state. To understand this, one 
has to keep in mind the following two fundamental concepts: 

(1) The growth of vapor film against the liquid has to be con- 
sidered as a “free-boundary” problem, although an infinite sur- 
face was assumed; otherwise, an infinite amount of heat would 
be required to generate the vapor film no matter how thin it 
would be; and (2), in particular, the present analysis concerns 
only the heat transfer in steady state, that is, the heat must be 
gradually and steadily applied to the system; otherwise the 
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process will be one of explosion instead of gradual thickening of 
the vapor film. 

With a view of the first concept, Mr. Zarwyn’s question is 
similar to the controversy on the study of ‘(Dynamics of Vapor 
Bubbles.” To answer Mr. Zarwyn’s question the author sug- 
gests references [6], and [24|* column 2, page 532, where dis- 
cussions with respect to the neglect of inertia forces, mechanical 
work, and so on, were given in considerable detail. The author 
believes that Mr. Zarwyn is not denying the important simplifica- 
tions used in reference [16] which Mr. Zarwyn quoted in his 
discussion. 

In fact, for the present problem, heat transfer in film boiling 
at steady state, the basic simplifications referred to are no 
longer necessary. To insure the steady state, the temperature of 
the heater (or the superheat) must be increased by a small 
amount at any one time; hence the motion of the vapor-liquid 
interface is slow and steady and the inertia force, kinetic energy as 
well as mechanical work, and so on, are negligibly small in compari- 
son with the latent heat release. Bearing this concept in mind, 
one will find that the idealized system represents the actual 
physical situation though it was called ‘‘idealized.’”’ Based on 
this system, @= equivalent thermal! diffusivity of film boiling was 
defined and evaluated. Therefore the application of Neumann’s 
method to the present problem has both theoretical and physical 
foundation. 

Mr. Zarwyn also questions “how the movement of bubbles 
would not stir connective currents (in analogy to the nucleate 
boiling) which would contribute to the heat exchange in addition 
to the pure conduction.”” To understand the validity of Equa- 
tion (7) and, hence, to answer this question, requires that the 
saturated and subcooled boiling should be viewed separately: In 
saturated boiling, the temperature of liquid is at the saturation 
point 6, = 0 and the second term in Equation (7) drops out. 
Therefore, no matter how large is the convective current caused 
by the rising bubbles, it has no effect on the evaluation of equiva- 
lent thermal diffusivity. On the other hand, if the liquid is highly 
subcooled, bubbles will not penetrate the vapor liquid interface 
and no convective current is caused by bubbles. Thus the 
analogy to nucleate boiling does not exist. 

For all calculations in this paper, all physical properties of 
vapor are evaluated at the mean temperature of vapor film, 
whereas those of liquid, at saturation temperature. It would bea 
very nice thing if both the variations of physical properties with 
temperature were taken into account and a formula of closed form 
could be obtained. The author appreciates Mr. Zarwyn’s re- 
mark that Lyubov [14] has computed the rate of solidification 
of a liquid by taking into consideration the temperature-depend- 
ences of the physical parameters of the material. Unfortu- 
nately, Lyubov’s work is not available to the author at the pres- 
ent time and he is sorry that he cannot discuss the merit of 
Lyubov’'s refinement. 

The second interesting question of Mr. Zarwyn concerns the 
justification of neglecting surface tension in Equations (17) and 
(19). To see this justification, one has to go back to the funda- 
mental principle in hydrodynamics: The viscous damping is ef- 
fective only for the short capillary waves; the long gravitational 
waves are hardly affected at all. Inasmuch as, in the present 
problem, the vapor-liquid interface remains very close to the 
heating surface, the capillary wave is definitely damped, leaving 
only the gravitational and viscous forces in action, opposite to 
each other. Consequently, Equations (17) and (19) follow. 
In other words, the wave length must be much longer than the 
critical value as given by Equation (1). 

Now, let us investigate what will be the effect of surface ten- 
sion on the heat-transfer coefficient if it were not neglected. In 
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this case the average effective force applied to unit mass of vapor 
will be given by the following expression: 


7p 0 ox? 


‘ 
where 7 = a cos yy sin 2xft. Performing the integration of 


Equation (46) yields, 


P= lew — sin 27 ft 


(47) 


It is easy to show that the second term in the bracket of Equation 
(47), ie., the capillary force, can be of equal importance as the 
first, the gravitational force, only when 1 = /,,. In this case the 
vapor film would continue to grow indefinitely. But this is not 
the case, and 1 > 1,,. Caleulation will show that, if 1 = 41.,, 
the error introduced by neglecting surface tension would be about 
6 per cent for F and 2 per cent for the heat-transfer coefficient. 
Thus the justification is obvious. 

When the vapor film grows to such an amount that the critical 
thickness is exceeded, Equation (19), then the viscous force would 
no longer counterbalance the gravitational foree and the wave 
will start to amplify. Then, and only until then, the effect of 
surface tension will take place and regulate the release of vapor 
bubbles from the vapor-liquid interface at a spacing equal to or 
slightly larger than one half of the critical wave length, depending 
on whether / is an integer or fraction multiple of [cr. 

Mr. Zarwyn questions further that since the bubble size de- 
pends on surface tension how can the heat.transfer be inde- 
pendent of it. The answer is that the heat-transfer coeffi- 
cient does not depend on how much heat is carried away by a 
single bubble but depends on the heat carried away by the 
bubbles per unit time and per unit area of the heating surface. 
It is to be noted that the bubble size and the critical wave length 
are related to surface tension through Laplace relation o/(g(p, — 
pr)|. The larger the bubble size, the larger will be the bubble 
spacing, and hence less number of bubbles per unit area of the 
heating surface. Under three-dimensional consideration, the 
over-all quantity of heat carried away by bubbles per unit area 
of the heater will depend very little on the size of bubble. This 
surprising result happens not only in film boiling but also in 
nucleate boiling [25, 26]. 

The discrepancy of surface tension eflect on heat transfer be- 
tween Bromley’s experimental results for saturated boiling and 
Nakagawa-Yoshita test data for subcooled boiling is probably 
beyond the scope of the present discussion. However, Mr. 
Zarwyn asserted that the exclusion of surface tension in Brom- 
ley’s equation is permitted because the size of his tube is large. 
It is difficult to see how Bromley’s tube of 0.352 in. diameter 
can be considered as larger than the vertical heating surface 
considered in the present analysis. 

Mr. Zarwyn wants also to know “how the known facts about 
nucleation theory can be brought into agreement with the pres- 
ent hydrodynamic theory of bubble formation.’ This question 
seems unrelated to film boiling, because in film boiling the sur- 
face is coated by a continuous film and nucleation would have 
little effect on heat transfer to “homogeneous”’ liquid. Lowery 
and Westwater [27] have recently studied the effects of added 
agents on heat transfer to boiling methanol and found that the ef- 
fect of added agents decreases as film boiling becomes more and 
more established. At superheat of 180 F the effect becomes 
practically nil. It may be, thus, tentatively concluded that 
nucleation theory may not be helpful to the solution of film 
boiling problems. With regard to nucleate boiling, the applica- 
tion of nucleation theory to quantitative determination of heat 
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transfer probably requires further development, although nuclea- 
tion theory has been discussed in the kinetic theory of liquids for 
a good many years. Further discussion of this subject is beyond 
the scope of space usually permitted for author’s closure. Mean- 
time, however, the author wishes to point out that the applica- 
tion of wave concept to boiling heat-transfer problem is not 
contrary at all to the nucleation theory, but enhances it. For 
example, in a recent paper of the author [26] both theories have 
been mutually applied and shown quite successful. 

As to the third part of Mr. Zarwyn’s comment about the ap- 
pliecability of the present analysis to the problem of boiling from 
a surface facing downward: To answer this question, the size of 
heating surface has to be considered. For small surface, the 
vapor will flow around the edge of the plate and the heat-transfer 
coefficient should be of the same order as that for a vertical 
plate. If the plate is large, the analysis will become more com- 
plicated because the outflowing vapor toward the edge of the 
plate may upset the stability of the flow and entrench the vapor 
beneath the central part of the plate. Thus Equation (7) 
should be modified in view of the large amount of potential energy 
of liquid displaced by the entrenched vapor. This case, how- 
ever, has no practical importance because the heating surface 
will soon be burned out. 

As to the fourth part of Mr. Zarwyn's comment, it is indeed 
very encouraging not only to the author but also to anyone else 
to learn from him that a theory can be developed which takes 
better account of physical phenomena in nucleate and film boil- 
ing and the existing nucleation theory of a vapor phase can be 
applied for the case of film boiling. The author will definitely 
follow, with keen appreciation, this theoretical analysis and will 
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be particularly interested in seeing its success without the aid 
of empirical data. It is unfortunate that the author received 
Mr. Zarwyn’s discussion only a few days before submitting this 
closure, and that he cannot get reference [23] within such a short 
time. It is to be noted, however, the concept of weighted prop- 
erty [22] was determined empirically rather than analytically as 
Mr. Zarwyn has hoped for. 

The existence of wave motion in film boiling has been found 
from a number of experiments [2, 4] and the approach of this 
problem from the concept of wave motion should be on the right 
and direct track, according to the opinion of the author. 

Inasmuch as Mr. Zarwyn also discussed a previous paper [1 | 
of the author, some words seem to be in order. Equation (23) in 
reference [1] which was written four vears ago has been recently 
revised according to the original idea, and the peak heat flux 
in nucleate boiling is also determined by the concept of wave 
motion [26]. A general formula is obtained, valid for liquids 
as different as from water to mercury and for any system pres- 
sure. 
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A Boundary-Layer Treatment of Laminar- 
Film Condensation 


The problem of laminar-fiilm condensation on a vertical plate is attacked using the 
mathematical techniques of boundary-layer theory. 


Starting with the boundary-layer 


(partial differential) equations, a similarity transformation is found which reduces 
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them to ordinary differential equations. 
terms are fully accounted for. 
c,4T/h,, between 0 and 2 for Prandtl numbers between 1 and 100. 
take their place in the boundary-layer family along with those of Blasius, Pohlhausen, 
Schmidt and Beckmann, and so on. 


Energy-convection and fluid-acceleration 
Solutions are obtained for values of the parameter 
These solutions 


Heat-transfer results are presented. 


It is found 


that the Prandtl-number effect, which arises from retention of the acceleration terms, is 


very small for Prandtl numbers greater than 1.0. 


Low Prandtl number (0.003-0.03) 


heat-transfer results are given in Appendix 2, and a greater effect of the acceleration 


terms ts displayed. 


Nomenclature 


Tue following nomenclature is used in the paper: 


ge,(p — |'/4 
dimensional constant, | © — 


c= 
4vk 
Cy = specific heat at constant pressure 
F = dimensionless dependent variable defined by 
Equation [7b] 
g = acceleration due to gravity 


h, = local heat-transfer coefficient, q/(Tsa: — T,,) 
h,, = latent heat of condensation 


Tins, 7/18) = f exp ( dé, 
0 6 24 
nim 
k = thermal conductivity 
N = dimensional constant in Equation [22 
n = exponent in Equation [22 
Nu, = local Nusselt number, dimensionless 
Pr = Prandtl number, v/a = c,u/k, dimensionless 
q = local heat-transfer rate per unit area 
T = temperature; 7,,, wall temperature; T'sat, satura- 
tion temperature of vapor; AT = Tat — 7, 
u = velocity component in z-direction 
v = velocity component in y-direction 
x = co-ordinate measuring distance along plate from 


leading edge 
y = co-ordinate measuring distance normal to plate 
@ = thermal diffusivity, k/pe, 
6 = thickness of condensate layer 
n = similarity variable, cy/z'/*; ns = c6/2'/* 
6 = dimensionless temperature, 

(T — Teu)/(T, 
absolute viscosity 
kinematic viscosity 
condensate density; p,, vapor density 
stream function 


T'sat) 
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Introduction 


Laminar-film condensation on a vertical plate first became a 
subject of analytical study in 1916. This initial work was due to 
Nusselt.! He neglected the effects of both energy convection and 
fluid accelerations within the condensate layer. Over the years, 
there have been a number of improvements in Nusselt’s analysis. 
Worthy of particular note is an interesting paper by Rohsenow? 
in which the energy convection is properly considered, but which 
continues to neglect acceleration effects. Rohsenow’s formulation 
is made directly from an energy balance on a control surface, re- 
sulting in a partial differential-integral equation. His method of 
solution is one of successive approximation (iteration) in which 
trial functions, introduced into one side of the equation, yield 
improved functions on the other side. 

A characteristic of the previous analytical work has been a 
focusing of attention on the specific details of the condensation 
problem, with a consequent neglect of relationships with other 
heat transfer-fluid mechanics problems. Ih the analysis to be re- 
ported here, film condensation will be approached as a member of 
the family of boundary-layer phenomena. We will call upon the 
well-developed body of mathematical techniques which have 
grown up with boundary-layer theory. In this way, a formula- 
tion and method of solution is arrived at which is different from 
those of previous condensation studies. 

The starting point for our study is the boundary-layer equa- 
tions, and we include fluid acceleration as well as energy convec- 
tion. These partial differential equations are reduced to ordinary 
differential equations by means of a similarity transformation. 
The resulting ordinary differential equations are solved numeri- 
cally by techniques which have been used previously in other 
boundary-layer problems. The solutions thus obtained join the 
ranks of the boundary-layer family. 

Solutions are obtained both with acceleration terms retained 
and deleted. The retention of the acceleration introduces the 
Prandtl! number as an additional parameter. Heat-transfer and 
film-layer-thickness results are presented and various comparisons 
are made. 


Oberflichenkondensation des Wasserdampfes,”” by W. 
Nusselt, Zeitschrift des Vereines deutscher Ingenieure, vol. 60, 1916, 
pp. 541 and 569. 

- 2“Heat Transfer and Temperature Distribution in Laminar-Film 
Condensation,” by W. M. Rohsenow, Trans. ASME, vol. 78, 1956, 
pp. 1645-1648. 
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Fig. 1 Physical model and co-ordinate system 


Analysis 


Physical Model and Co-Ordinates. A schematic representation of 
the physical model and co-ordinate system is shown in Fig. 1. A 
vertical plate is suspended in a large body of pure vapor. The 
vapor is at its saturation temperature, 7's. The plate tempera- 
ture, T,, (7. < Tat) is taken to be uniform in the main body of 
the analysis; extension to the variable-plate-temperature case is 
made in the Appendix. A continuous laminar film of condensate 
runs downward along the plate. Velocities in the vapor are as- 
sumed to have no effect on the condensate film. 

Conservation Lows. The equations expressing conservation of 
mass, momentum, and energy for steady laminar flow in a 
boundary layer on a vertical flat plate are, respectively, as 
follows 


oy? 


Aside from p,, which represents the vapor density, the fluid 
properties are those of the condensate. Viscous dissipation has 
been neglected, as has been the temperature dependence of the 
fluid properties. 

The boundary conditions appropriate to the problem are 


u=0 
v=0 fs 0 y = 6. . [4] 


The thickness 6 of the condensate layer is a function of z and 
remains to be determined from the analysis. The condition that 
du/dy = Oat y = 6 arises from the assumption of negligible ef- 
fects of vapor velocity (i.e., negligible shear). 

The solution of Equation [1], as usual, may be written in terms 
of a steam function W defined by the relations 


u = v = —dy/or... [la] 


Then, the velocity components u and v in Equations [2] and [3] 
are replace | in favor of the steam function. From this substitu- 
tion, there results the following pair of partial differential equa- 
tions for ¥ and 7’ as functions of z and y 


oy OY _ OW _ 


5 
oy roy or Oy? p oy? 
oy o7' oy oT 
oy Or or OY oy? 


Rather than deal with these two formidable partial! differential 
equations directly, experience with boundary-layer problems 
suggests a way of transforming them to ordinary differential equa- 
tions, which are easier to solve. In the usual terminology of 
boundary-layer theory, such a transformation is called a similarity 
transformation. The parallelism between Equations [5] and [6] 
and the corresponding equations for free convection proves to be 
particularly helpful. 
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Reduction to Ordinary Differential Equations... A new inde- 
pendent variable 9, called a similarity variable, is defined by 


n= c= P.) {7a} 
z/? 


New dependent variables F and 6 are given by 


= [7b] 


F(n) — 4ac’ Tons 


The function @ is a dimensionless temperature and F is related to 
the velocities of the problem by 
u = = ace~'/*(nF’ — 3F| 


The primes indicate differentiation with respect to 7. 
Under the transformation Equations [7a]! and [7b], the partial 
differential Equations [5] and [6] become 


1 
F’”’ + Py 2(F’)?] + 1=0 [9a] 


6” + 3F0’ =0.. [9b] 


where Pr represents the Prandtl number. (It will later be seen 
that the Prandtl number enters the problem because the ac- 
celeration terms were retained.) The boundary conditions, 
Equations [4], transform to 


F=0 
| 


where 75 is the value of 9 corresponding to y = 6. Evidently, the 
solution of Equations [9] subject to the boundary conditions [10] 
depends upon the specification of two parameters, Pr and 95. 
From the mathematical point of view, this is a completely satis- 
factory situation. But, to complete the problem, there still re- 
mains the task of relating 93, which contains the unknown 6, to 
another parameter which contains physical quantities which are 
all known. Such a relationship will be found in the following. 

Before leaving this section, it may be observed that while the 
foregoing development has much in common with that for free 
convection, there do exist some important differences: (a) Equa- 
tions [9] need not be solved simultaneously, whereas the cor- 
responding free-convection equations require simultaneous 
solution. (b) Our current problem is a two-parameter system, 
while in free convection only the Prandtl! number enters. 

The Parameter c,AT/h,,. To relate 5 (and hence 6) to known 
physical quantities, we invoke an over-all energy balance as 
follows 


oT 
f k ( ) dz = f h,,pu dy 
0 Oy 0 


5 
+ f puc,(Tsa — T)dy {11} 


0 


The left-hand side represents the heat transferred from the con- 
densate to the plate over a length from + = 0 to x = xr. The 
first term on the right is the energy liberated as latent heat, 
while the last term is energy liberated by subcooling of the con- 
densate. The assumption of negligible heat conduction across 
the liquid-vapor interface, which is standard in condensation 
theory, has been used. In terms of our boundary-layer variables, 
Equation [11] becomes 


Fim) 


12 
(12] 


where 6’(5) and F(ns) are the values of d8/dn and F at n = no. 
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From a solution of Equation [9] corresponding to given values 
of ns and Pr, the quantities on the right side of Equation [12] are 
known. Hence c,AT7'/h,, is determined. In other words, for a 
fixed Pr, there is a unique relation between ns and c,AT/hy,. 
So, we can, if we wish, think of our solutions as depending upon the 
parameters c,AT/h,, and Pr. 


Solutions for No Acceleration Terms 


Before presenting solutions for the general problem as expressed 
by Equations [9], we first consider the simpler situation where the 
acceleration terms are deleted. Our motivation for this step is 
twofold: (1) We want to use the results of the simpler problem as 
a standard against which to compare the results of the general 
problem. (2) We wish to affirm the results of previous work where 
acceleration terms always have been deleted. 

We begin as before with Equations [1], [2], and [3], except that 
now the left-hand side of Equation [2] is deleted. Following 
through with the analysis precisely as outlined above, we come 
out with the following equations 


F’'’+1=0. 
0” + 3F0’ = 0... 


It is important to observe-that the Prandt] number no longer ap- 
pears! The boundary conditions, Equation [10], remain un- 
changed. 
The solution of Equation [13a] subject to the boundary con- 
ditions is 
2 3 
F=m 


2 6 


[14] 


This result is introduced into Equation [13], yielding 


n? 
6" +3 — — 0’ = 0 
+ (n 2 6 ) 


It may be easily verified that the solution for @ is 


@=ai— 


1) 
For a fixed 75, the integration is easily carried out numerically 
(e.g., Simpson's rule), and the temperature distribution is thus 
obtained. 
Corresponding to each 3, there is a value of c,AT/h,, which 
may be found from Equation [12] to be 


cyAT/hy, = nate’/*"8'l (ns, 1) ... [16] 


Heat-Transfer Results. The most important result of practical 
interest is the heat transfer. We present our results in terms of 
the local heat-transfer coefficient h, and local Nusselt number 
Nu,, which are defined as 


In terms of our solution for the temperature distribution, Equa- 
tion [15], the local heat-transfer coefficient becomes 


4vr nel (ns, 1) 


It is easily shown that the average heat-transfer coefficient is 4/3 
of the local value h,. The variation of h, as z~'/* is a well-known 


.. [18] 
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Local heat-transfer results based on neglect of acceleration 
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Fig. 2 
terms 


result in condensation theory, which also obtains in free convec- 
tion. 


When Equation [18] is rephrased as a Nusselt number, we get 


1 
Nu, ] 


= 
4vk nol (ns, 1) [19} 


The right side depends only on 9g, or alternately on c,AT'/hy, (see 
Equation [16]). A plot of this Nusselt-number result, based on 
our solutions of Equation [15], is given on Fig. 2 for values of 
c,AT/h,, between 0 and 2.* 

The results of Rohsenow? are expressed, with excellent ac- 
curacy, by the following simple formula 


3 This range extends well beyond most current practical applica- 
tions. 
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Fig. 3. Dimensionless film-thickness results 
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A plot of Equation [20] is also given in Fig. 2. The agreement 
between our results and those of Rohsenow is excellent. His 
calculation technique, utilizing the method of successive approxi- 
mations, is thus shown to be completely satisfactory. 

Film Thickness and Temperature Profiles. § |imensionless re- 
sults for the film thickness 6 are plotted in Fig. 3 as a function of 
c,A4T/h,,. This curve is based on Equation [16]. It is well 
known that as one proceeds downward along the plate, the thick- 
ness of the condensate layer increases. Fig. 3 confirms the pre- 
viously known result that, for a given physical situation (fixed Pr 
and ¢,47'/h,,), 6 inereases as x /* Again, this finding has its 
free-convection parallel, 


10 : 
6 cp 
Me 
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Fig. 4 Temperature distributions in condensate layer based on neglect 
of acceleration terms 


The temperature distributions across the condensate layer are 
also of some interest. These are presented in Fig. 4 for several 
representative values of c,AT/h,,. It is seen that for small 
values of ¢,A7T/h,,, the temperature profiles are essentially a 
straight line. With increasing values of this parameter there are 
increasing deviations from linearity. Since most applications are 
at small values of c,AT/h,,, the suecess of the earlier theories 
which assumed straight-line profiles is now explained. 


Solutions With Acceleration Terms 


When acceleration terms are retained, we must deal with 
Equations [9]. Before proceeding to describe the solutions, it is 
worth while to compare these equations with those for the simpler 
situation of no acceleration terms, Equations [13]. We see that 
as the Prandt! number increases to very large values, Equations 
{9} approach Equations [13]. So, it is reasonable to expect in- 
creasing effects due to retention of the acceleration terms at the 
lower Prandtl numbers. 

Solutions of Equation [9] subject to the boundary conditions 
[10] were obtained numerically for Prandtl numbers of 1, 10, and 
100 for the range 0 < ¢,AT/h,y, £ 2. The results of these solu- 
tions are reported in the following paragraphs. 

Heat-Transfer Results. Again, we will report the heat-transfer 
results in terms of the local Nusselt number, which has been de- 


16 / Feeruary 1959 


fined by Equation [17]. In terms of the variables of the analysis’ 
the local Nusselt number is 


Nu, = [21] 
4vk 


where [d@/d7},~0 is found from the solutions of Equations [9] and 
is a funetion of Prandtl number and of c,A7'/h,,. 

A plot of Equation [21] is presented in Fig. 5. Also shown in 
the figure is a curve representing the results obtained from solu- 
tions with no acceleration terms. The Pr = 100 results are seen 
to coincide (within the scale of the figure) with those for no 
acceleration terms. The results for Pr = 10 and Pr = 1 can be 
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Fig. 6 Representative temperature distributions from solutions of com- 
plete boundary-layer equations; Pr = 1 
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plotted as separate curves for at least part of the range; but their 
largest deviation from the curve for no acceleration terms is quite 
small. (The largest deviation is about 5 per cent for Pr = 1 at 
cyAT/hy, = 2.) 

So, for practical purposes, the effect of Prandtl number on the 
heat transfer appears to be negligible for the range studied here 
(Pr 2 1). The heat-transfer results are thus computable from 
Equation [20], which was derived on the basis of no acceleration 
terms. 

Film Thickness and Temperature Profiles. Iesults for the di- 
mensionless film thickness are plotted in Fig. 3 as a function of 
c,4T/h,, for Prandtl numbers of 1, 10, and 100. These curves 
were calculated from Equation [12] in conjunction with solutions 
of Equations [9]. This figure also includes a curve showing the 
results of the analysis with no acceleration terms. As was the 
case for heat transfer, the film-thickness results for Pr = 100 
coincide with those for no acceleration terms, while the Pr = 10 
and Pr = 1 results show only minor deviations. The inclusion of 
acceleration terms does not alter the finding that 6 is proportional 
to 2'/*, 

The temperature profiles show the same trends as already have 
been presented in Fig. 3 for the case of no acceleration terms. So, 
we confine ourselves here to showing a single representative plot 
in Fig. 6 for Pr = 1.0. 


We have shown that the laminar-film-condensation problem 
can be treated within the framework of boundary-layer mathe- 
matical techniques. No additional difficulties are encountered in 
accounting fully for the acceleration terms (which formerly had 
been neglected); but the inclusion of these terms has little effect 
on the heat transfer for Prandtl numbers greater than 1.0. For 
lower Prandtl numbers, the acceleration terms should play a 
more important role, see Appendix 2 and Fig. 7. 

Inasmuch as our heat-transfer results are in good agreement 
with those of Rohsenow, his remarks about agreement between 
theory and experiment apply here also. 


APPENDIX 1 
Variable Wall Temperature 


From previous experience with boundary layer problems, we 
might expect that our mathematical techniques would, at best, 
apply to restricted wall temperature variations. 
Prompted by the parallelism with the free convection problem, 
we proceed to investigate whether similar solutions can be found 
for either of the following families of wall temperatures: 


types of 


Tn 


T'sat 


(22) 
(23 


First, we deal with the variation given by Equation [22]. 
Starting with the conservation laws, Mquations {1}, [2], and [3] 
and carrying out the transformation defined by Equations [7a] 
and [76], we arrive at a pair of ordinary differential equations. 
To complete the similarity transformation, it is necessary to insure 
that the co-ordinate x does not appear in the boundary condi- 
tions. This is possible only if it is assumed that the film thickness 
6 varies as r'/*. Now, we apply the over-all energy balance [11], 
introducing the similarity transformation as just outlined. 
The resulting relationship between c,A7'/h,, and 5 contradicts 
the power-law temperature variation [22]. So, we conclude that 
the wall temperature variation of Equation [22] does not permit. 
similar solutions for the condensation problem. 

Now, proceeding to Equation [23], we find that a transforma- 
tion defined by 7 ~ y and Y ~ f(m) successfully reduces Equa- 
tions [2] and [3| to a pair of ordinary differential equations. To 
actually achieve similarity, it must also be assumed that the film 
thickness 6 is independent of 2. However, as shown by applica- 
tion of the over-all energy balance, this transformation is not con- 
sistent with the exponential variation [23]. So, it also appears 
that the wall temperature of Equation [23] fails to lead to simi-~ 
larity solutions for the condensation problem. 


APPENDIX 2 
Low Prandtl Number Heat-Transfer Results 


An extension of the analysis to low Prandtl numbers has been 
motivated by possible utilization of liquid metals as the working 
fluid in nuclear cycles. The Prandtl number range which em- 
braces the currently important liquid metals is 0.003 to 0.03. 

Postulating the same boundary layer model as before, Mqua- 
tions [9a] and [9b] may still be used for computing the velocity 
(It is to be reealled that both 
inertia and energy convection terms appear in these equations. ) 
As a matter of computational convenience, a further transforma- 
tion was carried out which removed 1/Pr from Equation (9a] and 
introduced Pr as a factor in the second term of Equation [9b]. 
Numerical solutions of these equations were obtained for Prandtl 
numbers of 0.003, 0.008, and 0.03 for the range 0.0001 < ¢,AT'/h,, 
< 0.1. In choosing the range of ¢,A7T/h,,, account was taken of 
the relatively small values of ¢,/h,, for liquid metals. 


and temperature distributions. 


Heat-transfer results corresponding to these solutions are pre- , 
sented in Fig. 7 in terms of the local Nusselt number. The 
ordinate variable is chosen to provide a direct comparison with 
Nusselt’s simple theory, which predicted that 
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Fig. 7 Local heat-transfer results for low Prandtl number range from solutions of com- 
plete boundary layer equations = ‘/; h-) 
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For small values of c,AT/h,,, i.e., relatively thin condensate 
films, Nusselt’s theory gives results in close accord with those of 
the complete boundary layer solutions. As c,A7'/h,, increases, 
i.e., relatively thicker films, the inertia effects lead to a dropping 
off of the Nusselt number. For the range studied here, subcooling 
of the condensate film (energy convection terms) plays a minor 
role. 

Condensation experiments have recently been carried out by 
Misra and Bonilla‘ for mercury and for sodium. Their heat trans- 
fer results, which corresponded to values of ¢,47'/h,, of 0.03 and 
smaller, were only 5 to 15 per cent of those predicted by Nusselt's 
theory. These data also fall well below the present theory. So, 
it would appear that the effect of inertia forces is by no means 
sufficient to explain the experimental results. Further experi- 
ments are needed to clearly define the departures between test 
conditions and the analytical model. 


DISCUSSION 


R. A. Seban® 


Despite the somewhat greater question involved, particularly 
near the leading edge, in the results of the application of the 
boundary-layer equations and in particular in their solution in 
the limited domain of 0 < 9 < 4, this paper fulfills the objective 
of the authors in presenting an alternative and stimulating per- 
spective of this classical problem. In this regard, it may be 
apropos to indicate that alternative forms of the basic equations 


may be found and that these may indeed be more useful in special 
causes. 


If, in the similarity transformation, ‘‘c’’ is taken as 
and if, in Equations [7b] and [8] the thermal diffusivity a@ is 
replaced by the kinematic viscosity v, then Equations [9a] and 
[95] take the form 


FP +3F°F —2F*+1=0.. [9e] 


with F(0) = F’'(0) = O and F"(ng) = 0 and 


6” + 3” FO’ =0..... [9d | 


with (0) = 1 and @( ngs) = 0 

Here the Prandtl] number appears in the energy equation rather 
than in the momentum equation and so it is not as clear as it was 
in Equation [9a] that the Nusselt solution is indicated as suitable 
at least for high Prandtl numbers. Equation [9c] does, how- 
ever, specify the stream function as a function of the thickness 


* B. Misra and C. F. Bonilla, ‘Heat Transfer in the Condensation 
of Metal Vapors,’’ Chemical Engineering Progress, Symposium Series, 
no, 18, vol. 52, 1956, pp. 7-21. 


* Professor of Mecha: ical Engineering, University of California, 
Berkeley, Calif. Mem. ASME. 
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ns independently of the Prandtl! number, and for specific Prandt] 
numbers, Equation [9d] gives the temperature distribution. 
The value of 7s appropriate to the particular situation must be 
found, of course, from the energy balance, Equation [11], and in 
the terms appropriate to Equations [9c] and [9d] this is 
[120] 
h,, a 


The advantage of the forms of Equations [9c] and [9d] is pri- 
marily in the illustration of the complete independence of 
the hydrodynamic equation from the thermal properties and of the 
essential need for this form if low Prandtl numbers are to be con- 
sidered. For this it would be convenient to have defined the 
value of F(n) and ng as obtained by the authors from Equation 
{9a} with a Prandtl number of unity, so that Equation [9d| 
could be solved for such low Prandtl numbers as desired. 

A further approximation in this regard is possible because of 
the essentially linear form of @ indicated to exist for vanishingly 
small Prandt) numbers by Equation [9d]. Then, since = 


6'(ns) = ——, Equation [12a] gives 


v 
= 3 — (ns) 
h, a 


and, since k is then unity, the solution is achieved completely. 


Finally it is of interest to learn if the authors have investigated 
the general nature of the solutions of Equations [24] and [25] for 
variable temperature difference, because of the adaptability of the 
classic Nusselt solution to this type of temperature variation. 
Designating by ho the local heat-transfer coefficient for constant 
temperature difference, that solution gives h = ho[n + 1]'/4, and 
if the effective temperature difference is taken as the average with 
respect to length, the average heat-transfer coefficient remains the 
same as for the isothermal case. 


Authors’ Closure 


The authors extend their thanks to Professor Seban for his 
excellent discussion and welcome it as a valuable adjunct to the 
paper. 

He correctly divined our reasons for selecting the similarity 
transformation leading to Equations [9a] and [9b]; namely, that 
we wished to demonstrate a priori that the inertia terms should 
not be important for high Prandtl number fluids. We concur 
in his appraisal of the utility of the alternate Equations [9c] and 
[9b]; and, as a matter of fact, we had already used them in the 
low Prandtl number computations which were added in Appendix 
2 

With regard to the variable wall temperature situation, the 
present contents of Appendix | is somewhat different from that 
which appeared in the preprint. Equations [24] and [25] were 
the ordinary differential equations for F and @ corresponding to 
the 7, variation of Equation [22]. The discussion appearing in 
Appendix | represents our latest thinking on similiar solutions 
for the nonisotherma! wall. 
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Transient Response of Heated Air in an 
Enclosure With Heat Losses 


The transient temperature of well-stirred air in an enclosure with heat losses is in- 
vestigated. The 1.troduction of the heat capacity of the air results in nonorthogonal 


eigenfunctions for the differential equation of conduction. 


A method of determining 


the coefficients of the eigenfunctions is developed and the transient-air temperature 
calculated for several values of the heat capacity of the air. 


he following nomenclature is used in the paper: 


temperature of the air, deg F 
heat supplied per hour to the space per square foot of 
wall surface, Btu/hr ft? 
temperature in the wall at position z and time 0 
heat capacity of volume of air space associated with 
one square foot of wall area, Btu/ft® F 
= time, hours 
= conductivity of wall material, Btu/hr ft F 
thickness of wall, ft 
space variable, ft 
coefficient of heat-transfer warm surface, Btu/hr ft? F 
coefficient of heat-transfer cold surface, Btu/hr ft? F 
dimensionless parameters 


Ax 
F(A) cos L + sin % an eigenfunction of the solution 


KX KL 
f(A) ( — — —— } used to simplify writing 
acy 


a = diffusivity of wall material, ft?/hr 


Investigations into the problem of the transient heating of a 
building lead to the theoretical consideration of the transient 
behavior of air in an enclosed space when it is heated from an 
internal source and loses heat through the surrounding walls of 
the enclosure by the processes of convection and conduction. 
Smith' has also considered this problem. However, in his 
analysis the effect of the heat capacity of the air was neglected. 
Including the heat capacity changes the problem in two ways: (a) 
The form of the characteristic equation for the eigenvalues 
changes, and in general the eigenvalues become smaller than 
those used by Smith; and (6) the eigenfunctions become non- 
orthogonal. The consequence of (a) is that the higher order ex- 
ponentials in the solution persist for longer times and of (b) is 
that a method must be de vised so that the eigenfunctions may be 
employed in the solution. 

The mathematical model for the problem is formulated as 
follows: The wall is considered to extend from z = Otoz = L. 
At xz = 0, the wall is in contact with a well-stirred fluid (air) in 
which there is no spatial temperature gradient. The space con- 
tains a heat-releasing element, and the fluid exchanges heat with 


1A Simple and Rigorous Method for the Determination of Heat 
Requirements of Simple Intermittently Heated Exterior Walls,’’ by 
E. G. Smith, Journal of Applied Physics, vol. 12, 1941, pp. 638-642. 

Contributed by the Heat Transfer Division and presented at the 
Semi-Annual Meeting, Detroit, Mich., June 15-19, 1958, of THe 
AMERICAN SocieTy OF MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, August 
27,1957. Paper No. 58—SA-3. 
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the wall by Newton’s Law. At x = L, the wall loses heat by 
Newton’s Law to a fluid (air) which is maintained at a constant 
temperature. The temperature of the fluid at z = L is taken as * 
zero as this can be realized by a simple shift in the temperature- 
measuring scale. The initial temperature of the wall and fluid is 
zero. This model can be described by the following differential 
equations 


For the wall 


20 


Ox? 


ot 
For the heated air c =q — — «0, 


2u(0, 8) 


L, 6) 
K 


At the boundary zr=0 A(t, — (0, 0)) = —K 


At the boundary z= L hit(L, 0) = 


Initial conditions 
= 2,0) = 0... 
An expression of the form 


U(x, = oft + —_ 


A, (ay cos 


Ar in 
L + sin 


satisfies Equation [1]. 
The boundary condition at r = L for [6] leads to the expression 


. {7] 


Equations [2], [3], and [6] produce the relation 
KX KL 


= 


[8} 
Substitution of [8] in [7] produces a relation for the values of 


the eigenvalues? 
hol? h 
— ( 1+ 
ac hy 


KL 
ac K AL 


A = (9] 


2 Smith’s expression for the eigenvalues is \ tan A = K which is 


readily obtained from [9] by letting c — 0. 
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Here one notes that if \ is a root, so is —A. 
The usual approach for determining the coefficients A, from 
the initial conditions by letting 


2 


multiplying by the eigenfunction Y) and then integrating over the 
range 0 to L fails because the eigenfunctions are not orthogonal. 
In fact, one can show easily that (see Appendix 1) 


L KL? 
f Y)Y = 


It is true that a new set of orthogonal functions yy, Yr. . . Y, 
can be formed by linear combinations of the Y's. However, these 
new functions would contain Y, in all the W’s, Y2 in all ’s, but 


the first and so forth, and as each Y), must be multiplied by the 
ah? 


corresponding exponential e “’ one can readily see that a solu- 
tion in this manner would be extremely cumbersome. However, 
one can use Equations [10] and [11] in a manner which will pro- 
duce expressions for the coefficients A). 

Form the expression 


+ = > A,Y,-.... (12) 
Now by virtue of [11] all terms on the right side of [12] vanish 


except 
L KL? 
(A, A Y\*dr + 
ach? 


A : 
On the left side the series ,* * must be expressed in closed 


—@ 


for A Au 


[13] 


form 


The nonorthogonality of the eigenfunctions ) arises from the 
conditions at the boundary z = 0, hence one suspects that the re- 


lations here will deliver an expression for > ; 


—@ 


From [10] one 


sees that 


pr 
K 


A,Y,(0); =0 
= Ayf(m) 


Ku KL 
- 
AL ach 
Ke KL 
= A, - - 14 
and that 
+ = 
dx ( hy K L 
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q = MA, 
Hence by virtue of [15], Equation [14] becomes 
KL? <A, L ji 1 L\ 
4— + —>?..... 16 
ach +z * Kf (16} 
Equation [12] can now be written as 
L KL? 
= (A, — A-y) + —— [12a] 
0 ach? 
or 
(Ay, — 
J + 
el. 
f Y\*dz + 
0 
{17]8 


L 
The integral f, Y,\*%dzr is evaluated in Appendix 2 and an 


expression for (A, — A —,) is given. 


The transient behavior of the air at the boundary z = 0 is of 
interest and one obtains it from Equation [3] 
ot(0, 8) 
— (0,6)) = —K . [18] 
or 
or 
K 
t, = 0,0) — — —— 
hy or 
Now 


k 
ah? 


— - 


1 
2 


cos + sin 


x f(A) sin L + L 


whence 


1 L _ 
(0, 0) = — — Ay L* 
and 
K ot(0, 8) q Keo » 
= — - Ay — A-y) — L’ 
hy or hy + hy L 


3 Raleigh in his ‘‘Theory of Sound,” vol. 1, p. 202, obtains a similar 
expression for the determination of constants in a vibrating string 
problem. 
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The following constants apply to the experimental apparatus 
constructed for this investigation. 


.. [19] 


Constants for guarded heat box 


Inside-surface coefficient 
Outside-surface coefficient. . 
Heat capacity of air... 
Conductivity of concrete 
Density of concrete 

Specific heat of concrete 
Diffusivity of concrete... . 
Thickness of concrete. . . . 


2 btu/hr ft? deg F 


.2 btu/hr ft? deg F 
0.027 btu/ft? deg F 
0.77 btu/hr ft deg F 
144 lb/ft? 

0.26 btu/Ib deg F 
0.0205 ft?/hr 

0.667 ft 


For these values the equation for the 


temperature in the air 
space is 


1.820 — 1,099¢—9.05199 _ 20¢ 9-605 _ 9.04 1.9840 


—0.02 429% — 0.0136 7-499 — 0.0100 ~ 11-588 (20) 
and for the temperature of the wall surface 
(0, 0) 


= 1.320 — 1.098¢~ 9519 _ 0.1 140-6050 
q 


— 0.030 1-984 — 0.0198 — 4-25" — 0.01 7-439 


— 0.0084e 1-558 (21) 


Fig. 1 is a plot of these equations. 

The essential difference between the approach of Smith? and 
that of the writer is that the former neglected the effect of the 
fluid heat capacity’ The question naturally arises as to the 
circumstances under which the inclusion of the heat capacity is 
advisable. This question can be answered in part by 
eigenvalues obtained by Smith and by the writer. 

Smith’s expression for the eigenvalue equation is 


comparing 


hel 
AtanA = —.. 
an K 


Results of 


Concrete 


Axn-A-r A 

0.885 
0.879 
0.782 
0.303 


0.178 
0.206 
0.718 
1.205 


1.076 
1.080 
1.020 
1.184 


0.323 
0.321 
0.308 
0.225 


10 20 30 40 $0 


TIME HOURS 


70 


Fig. 1 Reduced temperature versus time, c = 0.027. Curve (1) is 
air temperature. Curve (2) is inside-surface temperature. 
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bs 
% 
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Reduced air temperature versus time. For curve (1), ¢ = 
For curve (2), c = 0.27. For curve (3), = 2.7. 
ac 


(an) 
(a) - 


Table 1 was computed to indicate the possible effects of chang- 
ing the variables involved, in particular, the film coefficients, the 
physical properties, and the heat capacity of the fluid. The 
following observations on Table 1 seem pertinent: (a) Upon an 
increase in the magnitude of the outside film coefficient the value 
of the root becomes more sensitive to changes in diffusivity and/or 
fluid heat capacity; (6) increasing the magnitude of the fluid 
heat capacity lowers the value of the root. 


Fig. 2 
0.027. 


and the author’s is 


hol 
kK 
hol 
+ 
K 


A tanA = 


[23] 
ac 


KL 


ac 


KL 


indicating the effects of changing the surface coefficients and the heat capacity 


Fir 
ad? 
Lt 

314 
284 
808 


271 


L? 
—1.422 
—1.365 
895 
—0. 148 


A 


927 1.434 
405 
138 
463 

308 
305 
280 
—0.150 


873 
861 
768 
423 


—0.527 
—0.513 
—0. 408 
—0.124 


Property Values Assumed for Computation 


Concrete 
0.77 
0.0205 
0.0833 


Conductivity 
Diffusivity 
Thickness 


Fir 
0.08 
0.0048 
0.0833 


Units 
Btu/hr ft deg F 
ft?/hr 
ft 


* Values in the rows marked with a are those given by Smith's solution. 
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2 

= 

10° 1 0.00 1.208 
0.03 
0.30 
3.00 “| 

° 0.03 i 
0.30 

3.00 i 


From these results one may conclude that the two methods will | Hence, evaluating the right side of [26] at = L one finds 
exhibit the largest variance when used to compute the response of 


systems in which the outside coefficient is large, and the heat VY, ( ha +) a @ 

capacity of the fluid assumes a relatively large value. In this 

situation the author thinks his solution to be more accurate. dY dYy 
The effect of changing the heat capacity of the air associated Hence one is concerned with the value of -| y,— -Y t 


with | sq ft of wall surface is indicated in Fig. 2. Here c assumes 0 és o 
the values 0.027, 0.27, and 2.7. “a eden: h 
The computations for this paper were performed on the a 

III-E Digital Computer at the University of British Y, =f(\); = 
Yolumbia. 
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whence 


and now introducing 


Evaluation of 


~ 
> 


L 


Equation [27] reduces to 


Substitution of 


; L 
t=e ! f Y)Y,dz x. — for # [28] 


into the equation 


APPENDIX 2 


06 ox? Evaluation of 
shows that Y, must satisfy the equation f, 
d*yy A? 
dx? L? Yr, =0 As in Appendix 1, Y) is a solution of the equation 4 
This equation will be used for the evaluation of » Y,=0... [29] 
dx? L? 
f, whence 
One has 


L? Jo dz? 
Y, = - [24] 
dz? 


and upon integrating by parts 


dx L? 0 

Multiplying Equation [24] by Y,, [25] by Y), subtracting, and 
integrating over the range 0 to L produces 


r Az 
Y,Yadr = ~ dx L L 
0 0 dx? * dz? 
ly =) = f(X) sin cos as 
= (» f-Yy, . [26] dz | L L L 
ar ar 0 


Hence 
Now at z = L the boundary condition requires that r 
dY, \? 3 
, - — = — A) + 1) 
dz 
_ Now integrating over the range 0 to L 
ay L(aY,\?, 
Y\%dr + dz = (f(A) + 1)... [31] 
pe dx L? 0 0 dz L 
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adding Equation [31] to [30] produces 


L x2 
ot = (f(A) + 1) 


L? 


L 
f = (PO) +1) 


The expression 

dY, L 

0 
is easily found from the appropriate values of 
Ar Az 
Y, = f(A) cos — + sin — 
L L 
dYy 


Ar 
f(A) sin I I 


and is 


fP(A) tan + f(A) tan* A — f(A) — tan A 


L \ 1+tan*h 


whence 


tan A 


L L 
Y\%dr = —— 
(fXA) + 2f(A) tan A — nt [34] 


The expression for A, — A ~—) is now easily found to be 


f(r) L\. 1 L f(r) 
- 5) sin A — + cos 


+ tan? A) 


DISCUSSION 
D. C. Pearce* and D. G. Stephenson‘ 


Problems similar to those dealt with in this paper have been 
encountered in the work of the Building Services Section at the 
Division of Building Research, National Research Council, 
Canada. This paper was therefore of much interest to us and 
we wish to compliment the author on his thorough treatment of 
the problem. We wish to submit the following comments, based 
on our experience: 

One-dimensional heat-flow problems with boundary conditions 
similar to those described by Equations [2] and [3] in this paper 
can be solved readily by means of Laplace transforms. This 
method was used to solve this particular problem and the results 
obtained were identical to those quoted by the author. 

The author’s statement that the eigenvalues for his solution 
are smaller than those used by Smith is true but the difference is 
very small for his guarded hot-box example. 

Table 2 gives the first three roots of Equation [9] and of 
Smith’s equivalent simple expression. It would appear that 
the simple approach gives results of sufficient accuracy for en- 
closures containing air. However, the author’s method would 
be preferable to Smith’s for a fluid with a higher heat capacity. 

This type of transient heating problem also can be solved con- 
veniently by a numerical method if one has access to any type of 

4 National Research Council, Division of Building Research, Ottawa, 
Canada. 
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Table 2 Comparison of eigenvalues 


A tan = 
1.0622 
3.6253 
6.5660 


Root. Equation [9] 
1.0615 
3.6220 
6.5587 


Table 3 Summary of computer and Laplace-transform calculations 


(deg F sq ft hr)/Btu 
Laplace- Error in 
ta/q, Numerical transform numerical 
Time, (deg F sq ft calecula- —_caleula- result, 
hr hr)/Btu _q(0, @)/q tion per 
0.9968 .1932 
2849 4 
3537 
2.: 
5079 
. 5505 
5902 
6277 
.6631 
8140 
1.0195 


5155 
. 9990 
.9990 
.9991 
9993 
0.9994 
0.9996 


5970 


6692 
.818] 
9328 
0212 


OOOC SO 


automatic digital computer. The programming is simple and 
likely will require less work than adapting the author’s equations 
for machine computation. The numerical method can be used 
for walls composed of more than one material, with only minor 
changes in the basic program, whereas the exact analytical 
approaches become much more complicated when used for a 


1K d 


ach? 


multilayer wall. A step-by-step numerical caleulation also can 
take account of nonconstant values of the film resistances. 

The results obtained by a numerical solution of the author's 
example may be of interest. The temperature of the inside air, 
the inside and outside surfaces of the wall, and six equally spaced 
internal planes in the wall were calculated at intervals of 0.1 hr. 
This corresponds to a Fourier modulus of 0.2260 and inner and 
outer surface Nusselt numbers of 0.2474 and 0.2721, respec- 
tively. Table 3, herewith, includes results abstracted from the 
computer result sheet and the Laplace-transform solution of the 
surface temperature for times up to 25 hr. 


Author’s Closure 


The author wishes to thank the discussers for their interesting 
remarks on the alternative solutions by Laplace transforms and 
by numerical methods. It is interesting to note that the results 
of the numerical method agree with the Laplace transform 
solution and that the agreement improves as the calculation 
proceeds. 

As to the selection of the method to be used for attacking the 
problem, the author cannot claim any advantages for his method, 
although, in this case, the physical relations seemed to be 
exhibited more clearly to him than is possible with the Laplace 
transform. 
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Natural-Convection Heat Transfer in 


Liquids Confined by Two Horizontal Plates 
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and Heated From Below 


This paper presents results of an experimental investigation of convective heat trans- 
fer in liquids placed between two horizontal plates and heated from below. 


The liquids 


used were water, silicone oils of 1.5, 50, and 1000 centistoke kinematic viscosities, and 


mercury. 


DAVID DROPKIN 


Professor of Mechanical Engineering, 
Department of Thermal Engineering, 
Cornell University, Ithaca, N. Y.; 

and consultant to Avco 


sulating walls. 
high. 


heaters. 


The experiments covered a range of Rayleigh numbers between 1.51(10)° and 6.76(10)°, 
and Prandtl numbers between 0.02 and 8750. 

Tests were made in cylindrical containers having copper tops and bottoms and in 
For water and silicone oils the container was 3 in. in diam and 2 in. 
For mercury, two containers were used, both 5.28 in. in diameter, but one 1.39 in. 
high and another 2.62 in. high. 


In all cases the bottom plates were heated by electri 


The top plates were air-cooled for the water and silicone-oil experiments and 
water-cooled for the mercury tests. 


To prevent amalgamation, the copper plates of the 


mercury container were chromium plated. 

Surface temperatures were measured by thermocouples embedded in the plates. 

The test results indicate that the heat-transfer coefficients for all liquids investigated 
may be determined from the relationship 


the copper plates. 


Nu = 0.069( a( Pr)9.074 


In this equation the Nusselt and Rayleigh numbers are based on the distance between 


The results of this experiment are in reasonable agreement with the data reported by 


0. CERTAIN engineering projects it is sometimes 
necessary to predict the heat-transfer rates by convection in 
liquids confined between two horizontal plates and heated from 
below. The search of published literature reveals that such in- 
formation is scarce. The two important papers that are available 
on this subject are limited in their scope. They do not possess 
the desired range of physical properties to justify a derivation of 
a general equation. The work of Mull and Reiher, as reported by 
Jakob [1]' was done on air, while Malkus [2] used water and 
acetone in his experiments. 
' Numbers in brackets designate References at end of paper. 


Contributed by the Heat Transfer Division of Tue 
SOcIETY OF 
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Transfer and Fluid Mechanics Institute, Berkeley, Calif., June 19-21, 
1958. 

Notre: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, July 
21, 1958. 


Nomenclature 


others who used larger containers and different fluids. 


In the first case, the Prandtl number was practically constant 
because it is known that for air the variation of Prandtl number 
with changes in temperature is negligible; in the second case, 
Malkus purposely kept the mean temperature of the water and 
acetone at a constant value. 


The Prandtl number, however, may be an important factor in 
a mathematical expression from which heat-transfer rates are 
computed. 

Thus this lack of confidence that an equation derived from the 
available data will apply to liquids with widely different physical 
properties suggested the work presented in this paper. 

The main purpose of this investigation was to obtain data and, 
if possible, develop a mathematical relationship from which 
reliable heat-transfer coefficients for confined liquid heated from 
below could be determined. 

To obtain this goal, five liquids with dissimilar properties were 
chosen for these tests. 


specific heat at constant pressure, 


thermal conductivity, Btu/(br)- q = 


rate of heat flow per unit area, 


Btu/(Ib)(F) (fit)(F) Btu/(hr)(ft?) 
= constant, dimensionless Ra = Rayleigh number, dimensionless, 
L = height of container, ft Gr P 
f = funetion 3 ed 
g = acceleration of gravity, ft/(hr)? m,n = exponents 
Gr = ee saan, dimensionless, Nu = — number, dimensionless, At = temperature difference between 
3 
L'p*gAtB/p the top and bottom plate, F 
h’' = special convective heat transfer Pr = Prandtl number, dimensionless, u dynamic viscosity, lb/(ft)(hr) 
coefficient, Btu/(hr)({t?)(F) p = liquid density, lb/ft* 
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Fig. 1 


The liquids used were water, silicone oils of 1.5, 50, and 1000 
centistokes kinematic viscosity, and mercury. 


Procedure 


The heat-transfer coefficient in geometrically similar containers 
was assumed to be subject to the generally accepted factors that 
influence convection, with the exception of L and At. The dimen- 
sion L, the distance between the plates, was used as the charac- 
teristic distance, and At was used as the difference in temperature 
between the plates. Thus 


h’ = p, C,, k, At, (Bg) (1) 


Without much difficulty we may derive by dimensional analysis 
the relationship 


2) 


h'L uC, 
k 


Assuming the functional relationship to be given by a product 
of powers we get 


Nu = C Ra™Pr* (3) 


The Nusselt number here defined is an indicator of how effec- 
tively heat is transferred by convection as compared to that of 
conduction. When the Nusselt number is equal to 1, convection 
does not exist and heat is transferred by conduction. 

The constant © and exponents m and n were determined from 
appropriate graphs of the test results. 

The exponent m was determined from the plot of log Nu versus 
log Ra at a constant Prandtl number. Then all test data were 
plotted as log Nu/Ra”™ versus log Pr, and the exponent n and 
the constant C were found from the plot. 

The physical properties of the liquids which were needed to 
compute the dimensionless numbers were determined at the mean 
temperatures of the upper and lower copper plates. For silicone 
oils, water, and mercury, the properties were taken from Dow 
Corning [3], Brown and Marco [4], and Liquid Metals Handbook 
[5], respectively. 

All data were recorded when steady-state conditions were 
established. It was assumed that steady state was obtained 
when all readings remained constant for more than one hour. 

For each run the electrical heat input to the lower plate, the 
temperatures of the two copper plates, and the temperature dif- 
ferences between the plates were measured. 

The following experimental range was covered: 


Prandtl number from 0.02 to 8750 

Rayleigh number from 1.51(10)5 to 6.76(10)* 

Nusselt number from 1.9 to 66.9 

Temperature difference between the hot and cold copper plates 
from 2 to 80 F 
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WATER OR SILICONE OIL 


COPPER PLATE 


Diagram of container for silicone oils and water 


Temperature of the hot copper plate from 75 to 198 F. 


Apparatus 


The test apparatus used in these experiments consisted of 
right-circular hollow cylinders with '/,-in-thick copper plates at 
the top and bottom, and insulating walls. 

As shown in Fig. 1, the liquid container for the water and 
silicone-oil tests had an ID of 5 in. and a clear distance of 2 in. 
between plates. The cylindrical wall was made of plexiglas and 
attached to the plates with O-ring seals so that no leakage 
occurred. The heat from the upper plate was removed by blow- 
ing air over its surface. In order to improve the heat-transfer 
rate, the upper surface of the top plate was finned. The upper 
plate was also drilled and tapped, and connected with a '/,in. 
nipple to an expansion chamber. 

The temperatures of the plate surfaces were measured by 
copper-constantan thermocouples. The thermocouple junctions 
were located at the center of the plates and approximately 0.03 
in. from the liquid surfaces. The wiring connections were such 
that the temperature differences as well as the individual tem- 
peratures of each plate could be determined. The thermocouples 
were connected to a recording potentiometer and a portable pre- 
cision potentiometer. The recording potentiometer was used to 
indicate the time when steady state was established. 

The mercury container is shown in Fig. 2. Two different 
heights were used: 1.39 and 2.62 in. The ID for both heights 
was 5.28 in. The side walls were made of pyrex glass and the 
copper-plate surfaces were chromium plated to prevent amalga- 
mation of the copper. O-ring seals were used at the interface of 
the glass and copper plates, and the plates were bolted together 
through a transite ring. To remove the heat from the top plate 
a chamber was constructed above this plate and cold water was 
circulated through it. Provision was also made for the expansion 
of mercury. The overflow chamber, located off center, can be 
seen in Fig. 2. 

As in the water and oil containers, temperatures were deter- 
mined by the use of copper-constantan thermocouples and po- 
tentiometers. However, the thermocouples were connected so 
that only individual readings could be made. Direct reading of 
At was not possible because of the electrica! path through the 
mercury. 

An electric heater was used to supply the heat to the con- 
tainers. In the early experiments a laboratory hot plate was 
Later, a heater was constructed from an element used in 
an electric cooking range and a */,-in-thick aluminum plate 
attached at its top surface. The aluminum was used to assure 


used. 


even heat distribution. 

The electrical input to the heaters was measured by a voltmeter 
and ammeter. A voltage regulator, connected in the electric cir- 
cuit, insured constant voltage. 
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Method of Tests 


The container was filled with the appropriate liquid and then 
placed in an evacuated chamber to eliminate any gas entrain- 
ment. When evolution of gas bubbles ceased, the container was 
put on the electric heater. This assembly was then placed in a 
large box and surrounded by about 3 in. of mineral wool. 

The electrical input was adjusted to a predetermined value and 
the recording potentiometer connected to the thermocouples. 

When the temperatures remained constant for one or more 
hours, the precision potentiometer was connected and used to 
determine the temperatures. For the experiments with mercury, 
in the region where the temperatures fluctuated, the recording 
potentiometer was used to estimate the average temperatures as 
well as the magnitudes of the fluctuations. 
amperage to the heater were also recorded. 


The voltage and 


Results and Discussion 


An analysis of the variation of the physical properties with 
temperature revealed that the Prandtl number for mercury re- 
mained practically unchanged within the experimental range of 
temperatures. This fact led to the logarithmic graph shown in 
Fig. 3. The straight line may be expressed by 


Nu = 0.051(Ra)'/# 


(4) 


It should be noted that in Fig. 3, NuRa instead of Nu was used. 
This was done to improve the accuracy of the graph since the 
largest source of error is At. The convective-heat-transfer co- 
efficient h’ is determined from the relationship 


q=h’Al (5 


The Nusselt number may be written as 


Nu = 6 
The Rayleigh number is 
L'p*gB AtC 
(7) 


ak 


Thus an error in Al creates errors of opposite sign in Nu and Ra. 
The product of the Nusselt and Rayleigh numbers is 


qL‘p*g8C, 
pk? 


Nu Ra = (8) 


26 / FEBRUARY 1959 


WATER CHAMBER 


COPPER PLATE 


MERCURY 


GLASS CYLINDER 


COPPER PLATE 


/ 


4/3 
Nu Ro = Re 


TTT 


10 
sre 
3 + 
ile) 10 10 10 


Fig. 3 Natural convection between horizontal plane surfaces in 
mercury 


The Nu Ra may be considered a dimensionless heat flux while 
Ra is a dimensionless At. Nu Ra is independent of At, but de- 
pendent on g, which was known very precisely from the electrical 
readings. Fig. 3 is in effect a graph of heat transfer as a function 
of temperature difference and any possible error in At is not mag- 
nified because it appears only in Ra. 

The fact that the exponent m is '/; suggests that the natural 
convection is in the turbulent region. The point at which turbu- 
lence starts is a matter of some disagreement among various ob- 
servers. Schmidt and Saunders [6], working with water, ob- 
served a transition to turbulence when Ra = 45,000. Jakob [1] 
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Fig. 5 Natural convection between horizontal surfaces in various liquids heated from below 


correlating the data of Mull and Reiher on air sets the transition 
point at about Ra = 280,000. Malkus [2] in experiments with 
water and acetone observed changes at several different values of 
Rayleigh numbers. His lowest value of Ra is about 50,000. 

The smallest value of Ra reported here is 151,000 and there were 
only two observations below 300,000. It may, therefore, be 
safely said that the results in this paper pertain to the turbulent 
region. 

With the exponent m determined, we may now evaluate ex- 
ponent n. This is done by plotting on logarithmic paper Nu/Ra'’? 
against Pr for all observations recorded in these tests. 

The graph of this type is shown in Fig. 4. The slope of the line 
indicates that n = 0.074 and the resulting equation is 


Nu = 0.069( Pr)®-074 (9) 


The graph of equation (9) is shown in Fig. 5. The computed 
values for the five liquids are superimposed on this plot to show 
their deviations. It is seen that the points for water deviate 
slightly more than the points for other liquids. The reason for 
this is probably the sensitivity of physical properties to changes 
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in temperature. We know that water is more temperature- 
sensitive than the other liquids tested. It is probable that deter- 
mining physical properties at the arithmetic mean temperature 
of the two plates is only an approximation to the correct repre- 
sentation of convective heat transfer in a fluid whose properties 
change with temperature. 

Equation (9) is in fairly good agreement with the results pre- 
Jakob [1] 
in his analysis of the data of Mull and Reiher on air gives the re- 
lationship 


sented by the two previously mentioned observers. 
Nu = 0.068(Gr)"* (10) 


Assuming for air a Prandtl number of 0.71, Equation (9) simplifies 
to 


Nu = 0.060(Gr)'? (11) 


Malkus [2], basing his relationship on the data of water and 
acetone at room temperature, proposed the expression 
Nu = 0.085( Ra)®:3% (12) 


for the turbulent region. 
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The Prandtl! number for water at 70 F is 6.8 
in Equation (9), we get 


Using this value 


Nu = 0.080(Ra)'’* (13) 


It is pertinent to point out here that the authors are convinced 
that the size of the containers used for the experiments reported 
in this paper had no bearing on the heat-transfer rates obtained. 
This conviction is based on the fact that for the mercury tests two 
containers were used with radically different ratios of diameter 
to height of liquid. Although the ratio was changed by a factor 
of almost two, in the region of overlap there appeared to be no 
difference in the results, and outside the overlap the observation 
fits the same relationship. 

The data of Mull and Reiher and especially those of Malkus 
corroborate this conclusion. Malkus experimented with con- 
in diam and from 0.05 to 3.2 in. in height. His 
conclusion Was that the departure of the heat-transfer rate from a 


tainers 4 in 


model of infinite horizontal extent is negligible. 
In the experiments on mercury, turbulent fluctuations of tem- 
These 


fluctuations appeared at both the upper and the lower plates 


perature were observed at Rayleigh numbers above 10°. 


They increased in magnitude with increase in Rayleigh number 
3(10)® Bevond this 
Rayleigh number, there was no increase of temperature fluctuation 
The largest possible fluctuation of At 
would oceur when the individual plate fluctuations were out of 
Thus the maximum difference between At for the lower- 
plate maximum temperature and upper-plate minimum tempera- 


and attained their largest value at Ra = 
as a percentage of Af 
phase. 
ture and At for the lower-plate minimum temperature and upper 
plate maximum temperature was found to be between +10 per 


cent of the average Af 
fluctuations in At were smaller than this, but since there was only 


It is reasonable to assume that the net 


one recorder, it was not possible to determine their true variations. 
To investigate the possibility of lateral temperature gradients, 
This 


's in. away from the center of the 


a second thermocouple was attached to the lower plate. 
thermocouple was located 1', 
plate and was used to determine temperatures at Rayleigh num- 
bers above 10% The results showed that there was a negligible 
difference in temperature readings between the centrally located 
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thermocouple and the one 1'/. in. away. The temperature 
fluctuations were similar in magnitude at the two points measured 
on the lower plate. 


Conclusion 


A mathema‘ical expression has been developed for computing 
heat-transfer coefficients when liquids are heated from below. 
This equation is based on experimental data of liquids for a range 
of Prandt! numbers between 0.02 and 8750, and Rayieigh numbers 
between 1.5(10)° and 6.8(10)*. The expression is 


Nu = 


The Nusselt and Rayleigh numbers include the thickness of the 
liquid layer as the characteristic geometric factor. 
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Transient Heat Transfer for Laminar 
Forced Convection in the Thermal 
Entrance Region of Flat Ducts 


An analysis is made for transient laminar heat transfer in the thermal entrance region 
of a flat duct (parallel plate channel) whose bounding surfaces are subjected to an arbi- 
trary time variation of temperature or of heat flux. Initially, the system may be either 
in an already established steady-state heat-transfer situation, or else, the fluid and duct 
walls may be at the same uniform temperature. The velocity distribution in the flow is 
taken to be fully developed and unchanging with time. The solution for arbitrary time- 
dependent conditions is obtained by generalizing the thermal response to a unit step 
change in wall temperature or in wall heat flux. This step-function response is found 
by using the method of characteristics. Heat transfer results are presented as simple 
analytical expressions. The time required to achieve steady state after a unit step is 
also given. Working formulas are summarized at the end of the paper. 
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Introduction 


a heat-transfer considerations are becoming 
more significant in the design of control systems involving heat 
exchange devices. This is especially true in the case of nuclear 
reactor systems where positive control must be assured, and 
where the reactor kinetics may be dependent on the dynamics 
of the heat exchange system. 

In the analysis of such heat-transfer systems, it is common to 
focus attention on a typical element in the heat exchange equip- 
ment; for example, a single heated channel and its bounding 
walls. Previous analyses in channels have generally been built 
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Nomenclature— 


upon a one-dimensional model, that is, the variations of velocity 
and temperature over the channel cross section have been neg- 
lected (see reference [1]! and its bibliography).? Further, most 
of the work has been carried out for specific types of temperature 
variations with time. 

The present paper is concerned with transient laminar heat 
transfer in a flat duct (parallel plate channel) whose bounding 
surfaces take on arbitrary time variations in either surface tem- 
perature or in heat flux. The analysis is carried out on a two~- 
dimensional basis. The fluid enters the duct with a uniform tem- 
perature f and has a fully-developed parabolic velocity profile. 
Initially, before the heating (or cooling) period, the system may be 
in a steady-state heat-transfer situation, or alternately, the fluid 
and the bounding surfaces of the duct may both be at tempera- 


! Numbers in brackets designate References at end of paper. 

2? The only two-dimensional treatment, known to the authors, of 
transient heat transfer in channels is due to Millsaps and Pohlhausen 
{2}. They considered the effect of a time-dependent velocity on 
laminar heat transfer in the thermal entry region of a pipe. 


a constant 
half width of 
parallel plates 
= specific heat at constant pressure 
hydraulic diameter, 4a 
thermal conductivity 


dimensionless 
32 
3 RePr 


spacing between 


axial distance 
channel 

local heat Mux per unit area at walls; 
Aq;, jump in heat flux at time 0, 

quasi-steady heat transfer 


dimensionless 
y/a 


co-ordinate 
temperature difference, t — &; 7 


— ty; AT 
time 0, 


ws 

Step jump in 7), at 

temperature; temperature of 
fluid entering channel (a con- 
stant); ¢,, wall temperature 

fluid velocity in the z-direction; 
a, mean fluid velocity in z-girec- 
tion 


dimensionless 
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measured 
channel walls 


thermal diffusivity, k/pc, 
thermal boundary layer thickness 


v 
dimensionless time, : 
a’Pr 


axial dimensionless time to reach steady 
state after a step jump; 9,,,, 
value of 0, for a step jump in ¢,; 
0,,,, value of 0, for a step jump 
ing 

dimensionless time at which a jump 
in wall temperature or heat flux 
occurs 

time 

time to reach steady state, after a 
step Jump 

dummy integration variable 

absolute viscosity 

kinematic viscosity 

fluid density 


distance, 


from entrance of 


normal co-ordinate, 


normal to 


=> 
thermal boundary = 


layer thickness, 5/a 


Dimensionless groups 
Pr = Prandtl number, c,u/k = v/a 
Re = Reynolds number, aD/v 
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ture &. During the heating period, we study the situation where 
arbitrary time variations are assigned to either the wall tempera- 
ture or the wall heat flux. At any instant of time, the wall tem- 
perature or wall heat flux is uniform spatially. The velocity dis- 
tribution is taken to be unchanging in time. 

The method of analysis is first to determine the thermal re- 
sponse of the system when the walls are suddenly given either a 
step-function change in temperature or in heat flux. Then, using 
the linearity of the energy equation, the step-function results are 
generalized to the case of arbitrary time variations of the bound- 
ary cunditions. This results in a simple integration to determine 
the wall heat flux or the wall temperature variation corresponding, 
respectively, to a specified wall temperature variation or a speci- 
fied heat flux variation. 

The response to the step-function change is found by using an 
integral formulation of the energy equation in conjunction with 
the method of characteristics. The results of the analysis for the 
step-function temperature change were checked, near the be- 
ginning of the channel, by putting the boundary layer energy 
equation into finite difference form and integrating on an elec- 
tronic (IBM 650) computer. Good agreement was obtained be- 
tween the two methods of computation. 

The analysis presented here deals with changes in temperature 
or heat flux of the wall surface immediately adjacent to the fluid. 
When it is necessary to take account of the heat conduction and 
heat capacity of the wall, the unsteady conduction equation for 
the wall can be solved in conjunction with convection results 
given here. This is feasible because the present analysis allows 
for arbitrary time variations in thermal conditions. 

Those interested only in results are invited to pass over the 
analysis to the Summary of Working Formulas at the end of the 
paper. The method of analysis developed here has been ex- 
tended to the case of a circular tube and these results arg given in 
reference {3}. 


Analysis for Time-Dependent Wall Temperature 


The analysis for a step-function increase in wall temperature 
will be presented first. Then the generalization to the case of 
arbitrary time-dependent wall temperature will be made. A 
summary of results will be given at the end of the paper. 

A schematic diagram of the physical model and co-ordinate 
system appears on Fig. 1. The thermal boundary layer thickness 
6 depends on both position z and time 0. At the entrance section, 
that is, at z = 0, 6 is taken to be zero for all time. 

Solution for Step Function Using Method of Characteristics (Walls and 
Fivid Initially at #,.). We start with the boundary layer energy equa- 
tion for fully developed hydrodynamic flow, that is 


(1) 


The fluid properties have been taken to be constant and viscous 
dissipation has been neglected. 
Integrating with respect to y gives the over-all energy balance 


of 
(t — + u(t — to)dy 
Jy or Jo 


t t | (2) 
= fi ) 
a ) 


yoo 
where 6 is the thermal boundary layer thickness. For y > 4, 
= &, 
This integral equation may be attacked by writing the tem- 
perature distribution as a polynomial which satisfies the essential 
boundary conditions (ref. [4] ), 


t— 3 fy l @>0 : 
— 1-3 (5) +5 (5): 
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The velocity distribution is given by the well-known Poiseuille 


where @ is the mean velocity. 

When equations (3a) and (3b) are introduced into equation 
(2), and the integrations carried out, there results the following 
first-order partial differential equation for dimensionless 6 as a 
function of z and 4 


06* + i) 06* = 1 (4) 


where 6*, 8, and X are the dimensionless counterparts of 6, 8, 
and z as defined in the Nomenclature. 

A closed-form analytical solution for this equation can be ob- 
tained using the method of characteristics. As outlined in Hilde- 
brand [5], the solution of equation (4) can be found by consider- 
ing the auxiliary ordinary differential equations 

dO dX 


15 12 


= (5) 


On the X-0 plane, where our interest is confined to the first 
quadrant (X > 0,0 > 0), there is a single family of characteristic 
lines whose differeatial equation is 


dO .¢ 

ax 16 
15 3 


On each characteristic, the film thickness 6* is related to the de- 
pendent variables by 


= dO or dé* 6*2 — — = dX (7) 

4 15 12 

Integrating the first of these subject to the condition that 6* = 0 

when 0 = 0 (for any X) gives 


= 6*?/8 (8) 
This relation is valid along the characteristic lines intersecting the 
positive X-axis on the X-O0 plane. Along these characteristics, 6* 


is a function of time alone, and hence, we have a one-dimensional 
transient boundary layer growth. 


Fig. 1 Physical model and co-ordinate system 


Now, we integrate the second of equations (7) subject to the 
condition that 6* = 0 when X = 0 (for all 9), getting 


ges | ge 
X 6 6 (9) 
Equation (9) is valid along the characteristics which intersect the 
positive O-axis on the X-O plane. Along these lines, 6* depends 
on X alone and, hence, we have the steady-state solution. 

As seen in Fig. 2, the limiting characteristic passing through 
the origin divides the X-9 plane into two regions. The area be- 
low this limiting characteristic corresponds to the transient do- 
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formula, 
u 3 
a 2 
= 
4 
+ u =a | 
06 ox oy? to 
rte 


STEADY STATE 

REGION 
LIMITING 
CHARACTERISTIC 


ONE - DIMENSIONAL 
TRANSIENT REGION 


Fig. 2 Regions on X-0 plane formed by limiting characteristic 
main, while the area above this line is the steady-state region. 
Hence the equation of this limiting characteristic gives the time 
required to achieve steady-state conditions at any position X. 
Integrating equation (6), we find the relation between the steady- 
state time, 0, ,, and the position X to be 
45 at 3 ) 


0, , is plotted as a function of f 


RePr in Fig. 3. 


The local flux at the wall is found from Fourier’s law: 


q = —kot/dy|,—0 (11) 


From equation (3a), we find that dt/dy|,.. = —3/(26), where 
we have assigned the value of unity to ¢,, — &. Substituting for 
6 from equation (8), the result for g corresponding to a unit step 
‘e.in 4, — to becomes 


3 
4V2/a 


3 k 
q (25)? at 


where 0, , is found from equation (10) or Fig. 3 for any X. 
Solution for Step Function Using Finite Differences (Walls and Fluid 

Initially att). For comparison with the solution of the last section, 
a direct numerical integration of the energy equation (1) by finite 
differences was carried out for a region near the beginning of the 
channel. After introducing dimensionless variables and the 
Poiseuille velocity profile, equation (1) becomes 

00 ox oY? 


0< (12a) 


(12b) 


where 7’ = ¢ — & This was put into finite difference form as 
follows 


7(X, + AO) 


AO AO 
T(X, Y, 9) AX (2Y Y?) 2 | 


AO 


— AX, Y,9) 
+ T(X AX, Y, Ax 


(2Y — 


+ + AY, + ay, (14) 


The boundary conditions are 


T(0, = 0, 7(X, Y,0) = 0, 7(X,0,0) =1 (14a) 
In addition, the symmetry condition at the center line (Y = 1) 
takes the form: 7(X, 1+ AY, 0) = T(X,1 — AY, 98). 

In the convective term of equation (13), a backward difference 
in X was used. As a consequence, the value of 7 to be calcu- 
lated at 9 + AO depends only on values at X and X — AX, but 
not on values at X + AX. 

The finite difference solution was carried out from X = 0 to 
X = 108 X 10~‘ using the following increment sizes: 

AX =2x10-‘, AY = 0.025, AO = 10-4 
With these choices of increment size, the coefficient of T(X, Y, 8) 
in the finite difference equation (14) was always positive. A 
check was made by rerunning part of the calculations with the 
time increment cut in half and very good agreement was ob- 
tained. 

For the purposes of machine computation, the channel was 
divided into a number of axial blocks, which were sufficiently 
short so that the number of mesh points in each block would be 
within the storage capacity of the machine. The computation was 
started at the beginning of the channel (X = 0) where the ther- 
mal boundary conditions are specified. Calculations for the 
first axial block were carried out until steady state was achieved. 
Then the second block was computed using the temperature pro- 
files at the end of the first block as input data. This procedure 
was repeated from block to block. 

The results of the finite difference solution will be compared 
with those of the method of characteristics in the Discussion 
section. 


METHOD OF CHARACTERISTIC SOLUTION 
——-— FINITE DIFFERENCE SOLUTION 


Fig. 3 Steady-state times for 
step jumps in f,, ond q 
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Selution for Arbitrary Time-Dependent Wall Temperature (Walls and 
Fluid Initially at %). Using the method of characteristics, we have 
obtained the response in heat flux, equations (12a) and (12b), to 
a unit step-function change in wall temperature. Since the 
energy equation is linear, a superposition technique may be used 
to find the heat flux response to an arbitrary time variation in wall 
temperature. 

Let T,, = t, — te be some arbitrary function of time as de- 
picted on Fig. 4(a) (%& = const). At any instant, 4, is uniform 
spatially over the walls. Step jumps are permitted in 7',; and 
we will show later how to interpret the final result to account for 
them. 


Fig. 4(a) Representation of an arbitrary time-dependent wall tempera- 
ture, initially with t,, = t (T, = 0) 


Referring to Fig. 4(a), suppose that at time A there occurs a 
temperature step d7’,. From equation (12), the heat-flux re- 
sponse to such a step is 

3 fk 
aT ( 1) 
a/ (20 — 


“V4 (0 <O,, (15a) 


3 (k 


where ©, , is found from equation (10). The heat-transfer result 
for the arbitrary temperature variation is obtained by integrat- 
ing.’ So, 


7, = i 


and 


3 (k 


aT 
dd (0 |, > (166) 


For step jumps, equations (16a) and (165) still hold provided that 
the integrals are properly interpreted. Suppose that there is a 
step jump AT’; at O;. Then the integrals are computed in the 
usual (Riemann) way, except at 0,, where we add the additional 


term, 
3 k l 
AT 
E v2 ( a ) (0 | 


with the exception that nothing is added to equation (16d) if 0; < 
0 — 0,,. In this instance the effect of the step jump is auto- 
matically taken into account by the first term on the right side of 
(16d). 

Example. To illustrate the application of equations (16a) and 
(166), we consider a simple example where T,, = AO. 


ing this expression into equations (16a) and (16b) gives 


Introdue- 
* This is the method used in deriving Duhamel’s integral [6]. 
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If the results of the present analysis were not available, then it 
is likely that the transient heat-transfer computation would be 
carried out by assuming that the steady-state results apply in- 
stantaneously. The heat transfer computed in this manner is 
termed quasi-steady, and will be denoted here by g’. Applying 
equation (12b), which gives the steady-state heat transfer for 
T,, = 1, to the situation where 7, = AO gives 


3 k 
‘= | —— — AO 
Comparing the transient heat transfer found from equations 
(16a) and (16) with the quasi-steady value, it is found that 


For this example, it is necessary that 0 > 200, in order for the 
quasi-steady heat transfer to be within 5 per cent of the actual in- 
stantaneous value. For smaller values of 0, the quasi-steady 
assumption becomes increasingly poorer. 

Solution for Arbitrary Time-Dependent Wall Temperature (System 
Initially at Steady State With #,, = t). In this instance, we consider 
the transient starting from an already established thermal steady 
state in which the walls are at a uniform temperature different 
from that of the fluid. Let 0 = 0 denote the time at which the 
steady state is disturbed due to time-dependent changes in wall 
temperature. The heat-transfer results for this situation can be 
derived from those of the preceding section by considering a 
process pictured in Fig. 4(b). There it is envisioned that the 
steady state existing at 9 = 0 was attained following an earlier 
imaginary transient process for which the initial conditions of the 
preceding sections were fulfilled. By applying the previous re- 
sults and introducing an appropriate shift in the time scale, there 
is obtained 


3 k 
- 533 (4) “(Two =o 
© aT. 1 
+f dy (8 — i)” an 9 
0 
(*) 


@& 
= 0 


q(x, 9) 


(16c) 


[ely 


| 

@-0 


Fig. 4(b) Arbitrary wall temperature variation beginning from steady 
state situation with t,, ~ (T. 0) 
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3 k 
q(x, 9) 2/3 a0 A 
3 k 
0) = —— [ — }) 49,,,- “(8 + 8 
q(z, ) 4 V2 (*) at + let = at 
5 4) i/ - 
o<6 
4 4 q’ ( ra) ) at 
214% 
and 
0<90,, (16a) 


Step jumps are accounted for by the same relations given pre- 
viously. 


Analysis for Time-Dependent Wall Heat Flux 


Solution For Step Function (Wallis and Fluid Initially at %). The analy- 
sis is carried out using the integral formulation of the energy equa- 
tion in conjunction with the method of characteristics. Since the 
approach is identical to what has already been presented for the 
step jump in wall temperature, we confine ourselves to outlining 
the main steps. 

We begin with the integrated form of the energy equation (2). 
Since the heat flux q is prescribed and (0t/dy),-. = —gq/k, we re- 
write equation (2) as 


t— = — 17 
a0 + fm dy (17) 


The velocity profile is again the Poiseuille parabola, equation 
(36), but the temperature profile is now chosen to be 


t = ok (: (18) 


Introducing the velocity and temperature profiles into equation 
(17) and integrating gives rise to the following dimensionless par- 
tial differential equation for 6* as a function of X and 0 


9 


o 


This equation is of the same type as equation (4) and can be solved 
by the method of characteristics. The final results are as follows: 


(a) Initial transient boundary layer growth 
1 
6 = — (20) 
6 


(b) Steady-state solution 


X = 6*8 — 6* (21) 
12 60 


. .. 
0,,, ha: been plotted as a function of ReP: in Fig. 3 
2Pr 


eP 
(d) Wall temperature response to a unit step in g 
& 
Vv a 
V6f/a 


Solution for Arbitrary Time-Dependent Heat Flux (Walls and Fivid 
Initially at ?,). When the wall temperature response to a unit step 
in heat flux is known, it is possible to find the response to an arbi- 
trary heat flux variation by using a superposition technique as 
previously described. It is noted that at any instant the heat flux 
is taken to be spatially uniform over the walls. 

If q(@) is the prescribed time variation in the heat flux at the 
wall, then 


V6 (: ® dq 
9) = — (0 — 6< 
t.(z,9) — tb ( “dX, < 9,, 


(24a) 
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t(z,9) = vs (<) 


dq 
+ f — (6 - 06> 0... (24b) 
ah 


If there is a step jump Ag; at 0;, we evaluate the integrals in the 
usual way and add the term 


with the exception that nothing is added to Equation (24b) if 
0,< — 9,,,. 

Solution for Arbitrary Time-Dependent Heat Flux (System Initially 
at Steady State Withq ~ 0). For a transient starting from an al- 
ready established steady-state uniform heat-flux situation, we 
find the wall temperature response to be 


° 


/6 


f (0 6 >0,, (24d) 
dy 


where 0 = 0 denotes the time at which the steady state is dis- 
turbed by the time-dependent heat flux changes. Step jumps are 
accounted for as before. . 


+ (8 |, (24c) 


In this section, a number of plots are shown to illustrate some of 
the analytical results and to compare findings of the method of 
characteristics analysis with those of the finite difference solution. 
It is our desire to establish more firmly the validity of the analyti- 
cal approach in which the method of characteristics is employed 
in conjunction with an integral form of the energy equation. 
Whereas this approach has been used before in nonsteady con- 
vection problems, this is the first time that direct numerical solu- 
tions of the energy equation have been available for compat ison. 

Transient Temperature Profiles. Corresponding to a step jump of 
wall temperature, there are plotted in Fig. 5 a series of tempera- 
ture profiles for various times during the transient. The figure is 
for an axial position corresponding to (z/D)/RePr = 10-*. The 
solid lines were plotted from the finite difference solution of the 
energy equation. For the two earliest times shown, it was noted 
from the numerical results that the temperature profiles appeared 
to be those of pure heat conduction. For comparison with these 
two curves there is plotted the one-dimensional heat conduction 
solution for a unit step in the wall temperature of a semi-infinite 
solid (dashed lines). This latter result is well known to be (e.g., 
reference [7], p. 253) 


t — 1 at (5 ) 
2V0 


The fact that the heat transfer is by pure conduction during the 
early portion of the transient period is easily understood on 
physical grounds. Until fluid which was at the tube entrance 
when the heating began reaches a given axial position, there are 
no effects of convection at that position. The excellent agree- 
ment between the finite difference results and those of the exact 
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Fig. 5 Transient temperature profiles for step jump in (2 = 10-*) 


METHOD OF CHARACTERISTICS SOLUTION 


—-—-— FINITE DIFFERENCE SOLUTION 


3 
@, DIMENSIONLESS 
Fig. 6 Transient heat flux for step jump in 


conduction solution is an assurance that the finite difference solu- 
tion was properly carried out. 

Transient Heat Transfer. The response of the heat flux to a unit 
step in wall temperature is shown in Fig. 6. The solid lines are 
based on the solution by the method of characteristics [Equations 
(12a) and (12b)} while the dashed lines are from the finite dif- 
ference solution. The results are for axial positions correspond- 
ing to (2/D)/RePr of 0.5 X 107 and 10~*. It is seen that the 
agreement between the two analyses is very good, the deviations 
being on the order of five per cent. This favorable comparison 
lends support to the method of characteristics solution. It is 
worth while noting that the characteristics method predicts an 
abrupt arrival at steady state (i.e., at a definite value of time for 
each x position), whereas the finite difference solution approaches 
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TIME 


steady state asymptotically. For a step jump in wall tempera- 
ture, the heat transfer is seen to decrease as the transient pro- 
ceeds. 

Time to Achieve Steady State. The solid curves of Fig. 3 represent 
the prediction of the method of characteristics for the time re- 
quired to reach steady state after a step jump in wall temperature 
or in wall heat fiux. It is desired to compare these results for a 
step jump in wall temperature with those from the finite difference 
solution. There is, however, some ambiguity here, since the finite 
difference solution approaches steady state asymptotically. A 
choice which appeared reasonable for practical purposes was to 
select the time at which the transient heat flux from the 
finite difference solution approached to within five per cent of the 
steady-state value. The steady-state time thus defined is plotted 
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Fig. 7 Local steady-state heat flux for uniform wall temperature case 


in Fig. 3 and there is seen to be very good agreement with the pre- 
diction of the method of characteristics. The curves of Fig. 3 
show the expected trend that steady-state time increases with in- 
creasing distance from the channel entrance. 

Steady-State Heat Transfer. Fig. 7 shows local steady-state heat- 
transfer results for the uniform wall temperature situation. The 
solid line is found using the integral energy equation and the 
method of characteristics, while the dashed line is from the finite 
difference method. Again, the agreement between the two 
analyses is good, with the deviation being about four per cent. 
The decrease of the heat flux with increasing distance from the 
entrance is a well-known result. 


Summary of Working Formulas 


Prescribed Time Variation in Wall Temperature. Consider a flat duct 
whose bounding surfaces are subjected to an arbitrary time-de- 
pendent temperature variation, 7,(0) = 4, — t&. The heating 
(or cooling) process is described as follows: 


(a) Prior to the heating period (0 < 0), the system may be in a 
thermal steady state in which the walls are at a uniform tempera- 
ture different from that of the fluid, or alternately, fluid and walls 
may be at the same temperature t. 

(b) Throughout the heating period, the entering fluid tempera- 
ture is maintained at b. 

(c) At any instant during the heating period, the temperature 
of the bounding surfaces is spatially uniform. 

Then, for the case where fluid and walls are both initially at 
to, the local heat transfer corresponding to the prescribed 7’, is: 


( k ) dT, 
k 


aT, 1 


where 9 is a dimensionless time parameter (see Nomenclature) 
and 9,,, is a constant which is found from Fig. 3 or equation (10) 
for a particular value of (z/D)/RePr. If the system is initially 
at steady state with ¢, = t, the heat transfer result is 


qt, 0) = < 


(16a) 


iy a], 0>0,, (16d) 
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3 k aa 


1 
+f a yn} 
(k 
az, 0) = 35 (*) [er 


aT 1 ] 
+ |, @ > (16d) 
dd (8 — 


If there is a step jump A7,, ; at ©;, the integrals are evaluated 
in the usual (Riemann) way and then the following term is 
added to equation (16): 


3 k 
oa 
are, | («)e ] 


An exception in the case of equation (16b) and (16d) occurs when 
0; < 0 — 0,,,; then, nothing is added. 

Prescribed Time Variation in Wall Heat Flux. Now we consider a flat 
duct whose bounding surfaces are subjected to an arbitrary time- 
dependent heat flux g(9). The heating or cooling process is sub- 
stantially the same as described in the previous paragraph, except 
that in item (a) the steady-state condition from which the tran- 
sient may begin is one of uniform heat flux rather than uniform 
wall temperature. Also, item (c) is altered to read that the heat 
flux is spatially uniform over the bounding surface during the 
transient period. For the case where fluid and walls are initially 
at to, the resulting wall temperature corresponding to a prescribed 
is 


0 


= vs (*) 
(8 van >90,, (24b) 


+ 


where 0,,, is found from Fig. 3 or equation (22) for a particular 


dq 


— 
ay (8 


0<9,, (24a) 
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value of (z/D)/RePr. If the system is initially at steady state 
with q # 0, we have 


dy 


V6 (a 
t{z,9) = 2 k 


dq 
+ (9 —A)dA|, O>O,, (24d) 


If there is a step jump Aq, at O,;, then the integrals are evalu- 
ated in the usual way and the following term is added to equations 


(24): 
(1) 


+ (24c) 


(0 — 0< 
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An exception in the case of equations (246) and (24d) occurs 
when 0, < 0 — O,,,; then nothing is added. 
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Generalized Correlation of Boiling 
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Heat Transfer 


A generalized equation to describe surface boiling of liquids is derived. The ex- 
pression which correlates all fluid independently of pressure and heating surface-fluid 


Q ki 1 
A" Tin 


The form of the relation was obtained from a simplified model of heat transfer to the 
bubbles close to the heated surface. The coefficient B,, determined empirically, was 
found to be a function only of the product pyh,, and is shown in Fig. 4. 

Good agreement between test results and the derived equation was obtained for pool 
boiling and nucleate boiling heat transfer of subcooled and vapor-containing liquids. 


Introduction 


B. LING heat transfer is characterized by the forma- 
tion of small vapor bubbles at the heated surface. The-bubbles, 
initially fastened to the surface, rapidly detach themselves from 
it and grow as they rise through a thin superheated layer close to 
the heated material. Growth of the bubbles and their escape 
velocity create large turbulence within the fluid, thus producing 
the large heat-transfer rates normally associated with boiling 
heat transfer. It is, therefore, not surprising that correlations of 
boiling data should be based upon properties of the vapor bub- 
bles. A recent attempt by Rohsenow [1]! to predict surface 


1 Numbers in brackets designate References at end of paper. 

Contributed by the Heat Transfer Division of THe AMERICAN 
Society oF MECHANICAL ENGINEERS and presented at the ASME- 
AIChE Heat Transfer Conference, August 18-21, 1958, Chicago, Il. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, May 5, 
1958. Paper No. 58—HT-S8. 


Nomenclature 


boiling of liquids has utilized an empirically-obtained relation 
between the bubble Nusselt number and its Reynolds number. 
Shortly after Rohsenow’s investigation there appeared in the 
literature two theoretical predictions of the growth of a single 
yapor bubble in a superheated liquid [2, 3]. Both analyses 
agreed with the experimental tests of Dergarabedian [4]. 

Further expansion of the bubble growth theory to determine 
boiling heat-transfer rates appeared to be the next logical step. 
Forster and Zuber [5] were the first to apply it and proposed a 
modified relation between bubble Nusselt number and_ its 
Reynolds number. It is the purpose of this paper to utilize a 
simplified model of the boiling mechanism close to the heated sur- 
face, which would make it possible to apply the theoretical results 
of references [2 and 3]. A generalized correlation of boiling heat 
transfer could thus be obtained without specifying the bubble 
Reynolds and Nusselt number or the form of the relationship be- 
tween them. 


heating surface area, ft? 

bubble surface area, ft? 

= bubble surface area at heated sur- 
face before bubble departure, 
ft? 

bubble surface area at heating 
surface when first formed, ft? 

bubble surface area at edge of 
superheated layer, ft? 

coefficient defined by Equations 
(7) and (8), nondimensional 

specific heat of the fluid, Btu/lb 
deg F 

= bubble diameter, ft 

= frequency of bubble formation, 
1/hr 

mass velocity of bubbles at their 
departure from heating sur- 
face, lb/hr ft? 
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bubble heat-transfer coefficient, 
Btu/hr ft? deg F 


= latent heat of evaporation, Btu/lb 


thermal! conductivity of saturated 
liquid, Btu/hr ft deg F 

number of points of origin of 
bubble columns per ft? of heat- 
ing surface 

heat-transfer rate from heating 
surface, Btu/hr 

heat carried away by the bubbles, 
Btu/hr 

heat-transfer rate from liquid to 
vapor bubble, Btu/hr 

bubble radius, ft 


= bubble radius at heating surface 


before leaving surface, ft 
bubble radius at heating surface 
when first formed, ft 


bubble radius at edge of super- 
heated layer, ft 

fluid temperature, deg R 

mixed bulk temperature, deg R 

aturation temperature, deg R 

temperature of heating surface, 
deg R 


= time variable, hr 
= per cent weight of vapor in fluid 


stream 

thermal diffusivity of liquid, 
ft?/hr 

temperature difference equal to 


T, — T,, deg R 


= viscosity of liquid, lb/hr ft 


density of liquid, lb/ft* 


= density of vapor, lb/ft* 


surface tension, Btu/ft* 
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Derivation of the Equations 


Consider first the case of pool boiling where the main body of 
the fluid is maintained at saturation temperature. An en- 
larged view of the heated surface is given in Fig. 1. As indicated 
by the simplified model shown there, bubbles of initial radius R,; 
when first formed grow to bubbles of radius R, while still at- 
tached to the heated surface and to bubbles of radius FR, within 
the superheated layer next to the surface. If one assumes con- 
stant superheat A7’ within this layer, the equations derived by 
Forster and Zuber [2] can be used to describe the bubble growth. 
These yield 


207 — Py) 
R, = 
(7, — 7.) 
dR (T — 
2) 

dt 

Equation (1) gives the initial bubble radius at the surface at 
temperature 7’, and Equation (2) gives the growth rate of a 
bubble of radius F in a fluid at temperature 7’. Equation (2) can 
be rewritten to give the rate of heat transfer from the liquid to the 
bubble per unit bubble area 

dk (T — T,)*C,p 
= hy Py = (3) 
A, dt Rhy py 

As the bubbles attain their maximum size R, they must carry 

all the heat transferred at the heated surface 


BUBBLE AT EDGE OF SUPER- 
HEATEO LAYER (RADIUS 


FLUIO AT SATURATION TEMPERATURE 
SUPER HEATED LAYER = 
a HEATED SURFACE \ 


\ 


\ 
BUBBLE WHEN FIRST 
FORMED (RADIUS R, ) 


Fig. 1 Simplified model of pool boiling heat transfer 


BUBBLE AT DEPARTURE (RADIUS Rp) 


DATA OF PIRET-ISBIN AT ATMOSPHERIC PRESSURE 
waTer 

1SO-PROPYL ALCOHOL 

CARBON TETRACHLORIDE 

& BUTYL ALCOMOL 

4°35% POTASSIUM CARBONATE 

5°50% POTASSIUM CARBONATE 


SURFACE TEMPERATURE MINUS SATURATION TEMPERATURE, aT, °F 


Fig. 2 Determination of coefficient from data of Piret-Isbin 
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4 
Q=nf 3 


and similarly the heat carried by bubbles of radius R is 
4 3 
Q = nf 3 TR*pyAh,, 


Combining Equations (3), (4), and (5) there results 


A Rpyh,, d R A 


Equation (6) applies to any bubble of radius R and in particular 


to those at the heated surface when first formed. Putting 7 = 
- 2 . 1, A, = A,,;, and R = R,, and substituting Equation 


Q, 
(1), yields 


3 


A oT (py, — py) 2 
For simplification purposes Equation (7) can be written 


C 1 


A oT — py) B, 


Equation (8) is the generalized equation for boiling heat trans- 
fer if the coefficient B,; were known. Before empirically obtaining 
B,, it may be worth while to note that 


Q_ 1% (9) 
A B, A, 

According to Rohsenow [1] and Forster and Zuber [5] Q/A is 
proportional to g,/A, and B,; must be a constant. In order to 
verify the latter assumption, experimental data were plotted as 
shown in Figs. 2 and 3. The test results of Piret and Isbin [6] 
are shown in Fig. 2, while the boiling runs of Cichelli and Bonilla 
(7 | for benzene are reproduced in Fig. 3. Examination of Figs. 2 


BENZENE DATA OF CICHELL!-BONILLA 
147 
50.0 PSIA 
N50 PSIA 
2650 PSiA 
465.0 
6450PSI4 


20 30 40. 60 60 
SURFACE TEMPERATURE MINUS SATURATION TEMPERATURE, OT, °F 


Fig. 3 Determination of coefficient By from data of Cichelli-Bonilla 
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and 3 reveals that B, is a function of fluid properties which did 
not vary in Fig. 2, yet increased with pressure in Fig. 3. 

By carrying out similar plots for other test results and utilizing 
an elimination process, it was found that the only variable to 
meet the requirements just mentioned and give good correlation 
of B, for other experiments was the product pyh,,.? A plot of 
the function B, versus pyh,, is given in Fig.4. The range of test 
conditions covered in Fig. 4 is shown in Table 1. 


Table 1 


Heated 
surface 
Platinum 
Polished 
chromium 
Polished 
chromium 
Polished 
chromium 
Polished 
chromium 
Copper 
Copper 
Copper 
Copper 


Range of test conditions used in obtaining coefficient By, 


Heat flux 
(Btu/hr ft?) 
104-10° 


8 X 10*-1.5 X 10° 
10*-1.4 XK 10 
9 X 103-2.6 10° 


Propane 23 X 1045.7 104 

Water 1.3 & 10%-5.3 & 104 

Isopropy] 3.4 X 10%-2.7 X 10 

n-Butyl AX 10%-2.2 104 

Carbon tetra- : .9 X 10%-1.8 104 
chloride 


Pressure 
(psia) 
14.7-2465 


14.7-515 


Fluid 
Water 


Benzene 
n-Heptane 


Ethanol 


The correlation given in Fig. 4 covers a rather large range of 
fluids, pressure, and surface-fluid combinations. It is surpris- 
ingly acceptable when it is realized that: 


1 Experimental techniques change from one test to another. 


2 Test points often show a plus/minus 30 per cent spread 


within one particular test run in the boiling field. 
3 Surface conditions are different and boiling heat transfer is 
known to increase with roughness of the surface. 


? This parameter also suggests itself on physical grounds since —— 


represents vapor escape velocity from the heated surface. 


1 
Pvhyg 


ADDOMS, WATER, AT 14.7, 283, 770, !205, 1985, 2465 PSIA 

CICHELLI- BONILLA, BENZENE, AT 147, 55,115, 265, 515 PSIA 

CICHELLI- BONILLA, nm - HEPTANE, AT 66, 147, 50, 115, 215 PSIA 

PIRET - ISBIN, WATER, CARBON TETRACHLORIDE , ISO-PROPYL AND n- BUTYL 
ALCOHOL, AT 147 PSIA 

CICHELLI- BONILLA, n-PENTANE, AT 22, 60, 1/5, 215, 315 PSIA 

CICHELLI- BONILLA, ETHONOL, AT 147, 55, 115, 265, 515 PSIA 

CICHELL! - BONILLA, PROPANE, AT 170 PSIA 


ea+o 
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RECOMME NDED 
CURVE 


, NON-DIMENSIONAL ,x 107° 


2080 60 80100 200400 6001000 
A, hig ,BTU/FTS 


Fig. 4 Determination of coefficient By, from boiling heat-transfer data 


CORRELATION COEFFICIENT, 


2000 4000 
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4 The properties used in obtaining B, are not always ac- 
curate. In particular, at high temperatures, surface tension data 
leave much to be desired. 


In this, as in many other instances, the best way to prove the 
recommended equation is to apply it to test results. Such corre- 
lations of experimental data from various investigations are pre- 
sented in the next section. 


Correlation of Data 


The data of Piret and Isbin [6] for six different fluids at at- 
mospheric pressure are shown in Fig. 5. The correlated data and 
the proposed relation are also plotted in Fig. 5. It is seen that 
Equation (8) brings together the six fluids tested. 

In a similar manner, the data of Cichelli and Bonilla [7] for n- 
heptane at various pressures are plotted and correlated in Fig. 6. 
Fig. 7 gives further evidence of correlation of ethanol data re- 
ported by Cichelli and Bonilla at various pressures. Finally, Fig. 
8 shows the correlation of Addoms [8] pool boiling tests of water 
from a platinum wire at pressures ranging from 14.7 to 2465 psi. 

Many more data than presented here were correlated and they 
indicated that the proposed Equation (8) is of a generalized na- 
ture applicable to all considered fluids from low to very high 
pressures, and independently of heating surface-fluid combina- 
tion. Several deviations from Equation (8) are noticeable in 
Figs. 5 to 8. These can probably be traced to the coefficient B,. 
There is no doubt that a controlled experimental program to 
establish more accurately the curve in Fig. 4 could be used. 


Discussion of Results 


1 Application to Nucleate Boiling. The previous analysis and 
correlation have dealt with pool boiling. Their extension to 
nucleate boiling with flow of the fluid along the heated surface is 
readily obtained. It is necessary first to assume that, since the 
previous derivations have dealt with bubble growth close to the 
surface, they should not be affected by the fluid velocity and they 
can, therefore, be applied to nucleate boiling. This assumption 
may be questionable. However, it may be argued that the fluid 
velocity normally used exerts a minor effect in comparison with 
the local turbulence produced by the bubble motions. 

Consider first the case of fluid containing vapor. Equation (4) 
must be rewritten 


(10) 


4 
Q = nf 3 — 


where z is the vapor quality in the fluid stream. 
Equation (8) then becomes 


A — py) B, 
For low quality fluids Equation (11) reduces to Equation (8). 
The data of Piret and Isbin shown in Fig. 5 were really obtained 
with some vapor in the stream. The value of z was rather low so 
that Equation (11) was not used. However, correlation of their 
data establishes that Equation (11) is valid at low vapor qualities. 
It is worth while to note that Equation (11) predicts zero boiling 
heat transfer when z = 1. This is as it should be, since Equation 
(11) deals only with bubble-generated heat transfer. As the 
quality z approaches 100 per cent the bubble turbulence is negli- 
gible compared to the purely convective effects of the vapor. 
In a similar fashion for subcooled nucleate boiling, one gets* 


3 Note that Equation (4) is no longer valid. It is, however, assumed 
that the heat rate Q is still proportional to the heat carried away by 
the bubble of maximum radius R,. 
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Fig. 5 Correlation of boiling data of Piret and Isbin 


DATA OF CICHELL) BONILL A- ETHANOL 
147 PSiA 
55 
265 
SiS PSia 
765 


2 6 6 0 » «0 80 
SURFACE TEMPERATURE MINUS SATURATION TEMPERATURE, AT,°F 


Fig. 7 Correlation of boiling data of Cichelli-Bonilla for ethanol 
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HEAT TRANSFER RATE, 2, BTU/HR FT® 


Qu 4 + 4. 4 4 


Le} 20 4 10 20 
SURFACE TEMPERATURE MINUS SATURATION TEMPERATURE, OT,*F 


Fig. 6 Correlation of boiling data of Cichelli-Bonilla for n-heptane 


DATA OF ADDOMS 
14.7 PSA 
283 PSIA 
770 PSIA 
1205 PSia 
1985 PSIA 
2465 


2 4 6 80 20 


SURFACE TEMPERATURE MINUS SATURATION TEMPERATURE, OT, °F 


Fig. 8 Correlation of boiling data of Addoms for water 
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Q_ 1 hy + Tr) 


(AT)* (12) 
A oT — py) By hy, 


where 7’, is the bulk temperature of the subcooled liquid. 

Application of Equation (12) to the water data of McAdams, et 
al. [9] is shown in Fig. 9. The correspondence is good for the 
tests using nondegassed water. Differences in the values of sur- 
face tension of degassed water could improve the agreement 
of Equation (12) with the degassed runs. Another application of 
Equation (12) is given in Fig. 10 where the high pressure water 
nucleate boiling data of UCLA are plotted, together with the 
recommended Jens-Lottes equation [10]. 

2 Comparison With Rohsenow's Equation. Rohsenow corre- 
lated pool boiling data by assuming that the bubble Nusselt num- 
ber is proportional to the bubble Reynolds number, raised to a 
certain power, times the Prandtl number raised to another power. 
His derivation involves the following steps 


Bubble diameter, Db « 
Pt — Pv 


constant 

Bubble frequency, « 

Db 
Q 

Heat-transfer rate, A «hA7 


q (inherent in definition of the heat-transfer 
A, 


coefficient in the Nusselt number) 


GD, Q/A Dy 
hy, 


Bubble Reynolds number, 


It can then be seen that Rohsenow had chosen to deal with 
mass velocity of the bubbles leaving the surface rather than 
bubble growth. This, coupled with the fact that the third rela- 
tion mentioned was not found valid in this analysis, accounts 
for the major difference in the two methods of correlation. 

It may be appropriate here to discuss a modification of the 
Rohsenow’s equation carried out by Forster and Zuber [5] and by 
Zuber [11]. They used instead 


Bubble diameter, Db = V Ta k 


hy Py 20 
Heat-transfer rate, « = hAT 
b 


Bubble Reynolds number, anaes 


and obtained an expression between bubble Nusselt number, 
Reynolds, and Prandtl] numbers. In this case the bubble growth 
rate was assumed to be the dominant mechanism, but the dif- 
ference in the heat-transfer rate relation still exists. 

While there was no attempt made to quantitatively evaluate 
these two correlations with respect to Equation (8), it can still be 
stated that Equation (8) involves fewer assumptions, less em- 
pirical correlations, and appears to give a much more generalized 
correlation of the data. 

3 Application to Burnout Heat Transfer. }quation (8), while 
valid at the burnout point, does not determine when burnout oc- 
curs. The present analysis, however, may lead to better under- 
standing of the phenomena involved. With an established rela- 
tion between Q/A and AT it is possible to determine an impor- 
tant variable, namely the thickness of the superheated layer. 
Also, two new approaches suggest themselves. 
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n 


VELOCITY 1-36 FT/SEC 
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@ 
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4-0-0.06 CC OF AIR PER LITER OF WATER 


HEAT TRANSFER RATE, 


20. 30 40 60 80100 
SURFACE TEMPERATURE MINUS 
SATURATION TEMPERATURE, OT,°F 


Fig. 9 Correlation of nucleate water boiling data of McAdams, et al., at 
low pressure 
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0 20 
SURFACE TEMPERATURE MINUS 
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Fig. 10 Correlation of nucleate water boiling data cf UCLA at high 
pressure 


a The burnout correlation of Forster and Zuber [5] needs to 


be reviewed in view of the fact that ° may not be proportional to 
A, 
b Itis important to note that 


mw ( R,\* 
as 


and if, as burnout is approached, it is assumed as Rohsenow and 
A 
Griffith [12] have done, that ry approaches a constant,‘ there 


results 

* Rohsenow and Griffith [12] really used Ay.4/A = constant; the 
choice of the radius R, instead of Rg appears more reasonable because 
conglomeration of bubbles at the edge of the superheated layer stops 
the water supply to the heated surface. 
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Knowledge of R, thus determines the burnout value of 47’, 
i.e., the heat-transfer rate at burnout. Values of R, may be ob- 
tained from reference [13]. These and further considerations of 
burnout will be taken up in another paper. 


Conclusions 


1 A generalized equation for boiling heat transfer is derived. 
2 The derivation is based upon bubble growth rate close to 
the heated surface and an empirical determination of the relation 
between heat-transfer rate at the heated surface and that at the 
bubble surface. 

3 Good correlation between the proposed equation and test 
results was achieved. 
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DISCUSSION 
Warren M. Rohsenow’ 


The correlation equation presented in Equation (8) and Fig. 4 
is quite interesting, although it is a bit difficult to understand 
why B; should be a function of p,h,,. The equation seems to cor- 
relate a large variety of data and it has the virtue of simplicity. 

I would like now to sound a strong note of caution in the use of 
Equation (11) which implies that the heat-transfer rate for con- 
stant AT along a tube in boiling should be directly proportional to 
1 — x where z is the vapor quality. The author properly cautions 
that this equation was checked only for low quality data. This 
equation cannot be true when there is any significant amount of 
vapor. 

It is our experience, and I believe the experience of most other 
experimenters, that in forced convection with uniform q/A, in 
the boiling region the wall temperature minus the saturation 
temperature decreases as quality increases. This has been shown 
in many references and I cite here only two of them.*” The data 
in the first reference are extended to high qualities just short of 
90 per cent. 

The comment that Equation (11) predicts zero boiling heat 
transfer when z equal 1 is of no consequence in justifying the 
use of Equation (11), since experimental data show that, in the 
nucleate boiling region, the heat-transfer rate with constant AT 
actually increases slightly as quality increases, as shown also by 
Schrock and Grossman. The heat-transfer rate does not de- 
crease until quality is quite high and film boiling or perhaps fog 
flow exists. 


Author’s Closure 


The proposed correlating equations and in particular Equation 
(11) are valid when convective effects are negligible compared to 
the turbulence produced by the bubbles. Professor Rohsenow is, 
therefore, correct in cautioning against their use at high steam 
qualities. At high qualities, a majority of the cross-sectional 
area of flow is oceupied by steam and the remaining saturated 
water can attain very large velocities. The convective effects 
are no longer negligible especially at low pressure where due to 
the lower density of steam a larger portion of the cross-sectional! 
area of flow is occupied by steam. It is even possible, as pointed 
out by Dengler,® to suppress boiling under these conditions from 
excessive convective effects. 


* Professor of Mechanical Engineering, Massachusetts Institute of 
Technology, Cambridge, Mass. Mem. ASME. 

J. A. Clark and W. M. Rohsenow, “Local Boiling Heat Transfer 
to Water at Low Reynolds Numbers and High Pressures,’’ Trans. 
ASME, vol. 76, 1954, pp. 553-562. 

7 V. E. Schrock and L. M. Grossman, “Local Heat-Transfer Co- 
efficients and Pressure Drop in Forced Convection Boiling,’’ Tech- 
nical Report of Univ. of Calif., Radiation Laboratory, Livermore, 
Calif., Series No. 73308-UCX 2159, Issue No. 1, September 30, 1957. 

°C. E. Dengler, “‘Heat Transfer and Pressure Drop for Evaporation 
of Water in a Vertical Tube,”’ PhD thesis, Massachusetts Institute of 
Technology, 1952. 
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Heat Transfer to a Boiling Liquid— 
Mechanism and Correlations 


Various heat-transfer mechanisms which have been previously proposed are analysed 
in the light of recent experiments. 
exchange mechanism. 
insensitivity of boiling heat flux to the level of subcooling. A ‘Reynolds’ analogy” for 
nucleate boiling is presented in some detail. A procedure is given for calculating the 
superheat at which the liquid bulk velocity ceases to contribute to the heat flux. 
expression for the growth of a vapor bubble in a highly superheated liquid is deduced. 


Evidence is presented in favor of a vapor-liguid 
The vapor-liquid exchange mechanism is shown to explain the 


An 


A method is presented which allows the deduction of correlations for nucleate boiling 


which give the dependence of heat flux on superheat and system pressure. 
correlations are presented and results are compared with experiment. 


Two such 
It is shown that 


one correlation yields the heat flux for different liquids varying from water to mercury, 
without necessitating any change in constant or exponent of the correlation. 


- Now the knowledge of nucleate boiling heat 
transfer has not been sufficiently detailed to permit the calcula- 
tion of heat flux, even approximately, for various liquids, for 
various system pressures, superheats, levels of subcooling, and 
convective velocities. 

Such calculations can, of course, only be successful if they are 
based on the correct physical mechanism of boiling heat transfer. 
In the last 20 vears a good deal of research has been performed in 
this area and several different mechanisms were proposed. All 
give adequate account, qualitatively, of the high heat flux en- 
countered in nucleate boiling without subcooling and convection 
(pool boiling). It is the purpose of this paper to show that if the 
experimental facts on subcooling and forced convection are con- 
sidered, sufficient information is available to decide in favor of one 
of these proposed mechanisms and against the others, and further, 
that based on these considerations a method has been worked out 
which permits the prediction of heat flux in boiling liquids with 
forced convection and subcooling. 

Contributed by the Heat Transfer Division of THe AMERICAN 
Society or MecHANICAL ENGINEERS and presented at the Joint 
ASME-AIChE Heat Transfer Conference, Chicago, Il., August 18-21, 
1958. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, June 4, 
1958. Paper No, 58—HT-11. 


Nomenclature 


Experiments in boiling heat transfer show considerable scatter. 
Our aim is to relate the heat flux to the fundamental properties of 
the boiling liquid such as temperature, pressure, superheat, con- 
vective velocity, heat of vaporization, thermal conductivity, 
while we do not consider such influences as surface condition, 
aging, tube diameter, and so forth. We are aware of the in- 
fluence of the latter parameters, but we also find that the essential 
trend of the heat-flux curve is determined by the properties of 
the fluid while surface conditions shift but do not alter the 
basic relationships and the basic mechanism of heat transfer; 
it is the latter which we are trying to find and uncover. 


Physical Considerations Concerning the Heat-Transfer 
Mechanism 


To begin, three important experimental findings on boiling heat 
transfer with subcooling and forced convection will be summa- 
rized: 


(a) For every convective velocity W and temperature dif- 
ference (Twat — Thiquia) there is a certain point P; on the heat- 
flux curve (see Fig. 1) above which the relation between heat flux 
and superheat is essentially the same as for pool boiling." 


‘In this report we refer, of course, to heat flux below the ‘burnout 
point.” 


heat flux, Btu/hr sq ft 2o 
temperature, deg F A 
pressure, lb/ft? 
Tsat = saturation tempera- 
ture, deg F 
T wai, = temperature of heat- 
ing surface, deg F 
= AT, = superheat, deg F 
AT, = subcooling, deg F 
= AT, + AT: = over-all tem- 
perature difference, deg F 
pressure difference corre- 
sponding to the superheat 
AT), \b/ft? 
R bubble radius 
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= radius of the critical 


bubble 

velocity of liquid bulk 

liquid velocity induced by 
bubble growth and col- 
lapse 

latent heat of vaporization, 
Btu/lb 

density, lb/cu ft 

specific 
pressure, Btu/lb deg F w 

thermal conductivity, Btu/ L 
hr sq ft deg F per ft v 

surface tension, lb/ft 8 


= viscosity, lb/hr ft 

thermal diffusivity, ft?/hr 

friction dimension- 
less, in Fanning equation 


az 


factor, 


heat-convection number, di- 
mensionless, defined by 
Equation (6) 

effective cross-sectional area 
of pipe 

heat at constant Subscripts 

wall = heating surface 

liquid 

vapor 

sat = saturation 
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NONBOILING 


(8TU/SO IN SEC) 
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POOL BOILING 


TEMPERATURE DIFFERENCE, Ty- Tsay 


Fig.1 Typical heat-transfer curve for forced convection, with and without 
nucleate boiling 


(b) Beyond the afore-mentioned point P, the heat flux is 
highly insensitive to subcooling. In detail: Beyond point P, the 
heat flux for a given temperature difference (Twain — T'sat) re- 
mains essentially unchanged while subcooling may be changed 
by a large factor (by as much as 100 or 150 deg F). 

The experimental facts (a) and (6) are also illustrated in Fig. 2 
which is reproduced from McAdams [1]*; the heat-flux values 
shown are for levels of subcooling which vary from 20 to 150 F. 
It is seen that the heat flux is quite independent of the level of 
subcooling. 

(c) For foreed-convection boiling heat transfer there is defi- 
nitely a relation between the friction coefficient Cy» and the heat- 
convection number Cy; this was demonstrated by the experi- 
ment of Sabersky and Mulligan [2], which yielded the approxi- 
mate relation Cp = 2Cy. Sabersky pointed out that this is the 
relation that one would expect on the basis of Reynolds’ analogy 
for turbulent flow either without a laminar boundary layer or 
with the laminar boundary layer when the Prandtl number is 
unity. 

Let us now consider and discuss the various mechanisms of 
boiling heat transfer in the light of these experimental findings. 
(A more complete discussion of the various mechanisms may be 
found in Ref. [3], from which the following is in part condensed.) 

Mechanism 1: Microconvection in the Sublayer. This is the mecha- 
nism most widely accepted at the present time. The heat path 
leads from the heating surface to liquid between the bubbles. 
Thermal conduction through a laminar sublayer cannot ade- 
quately account for the observed large heat fluxes unless large 
convective velocities are assumed. “Some form of random 
microconvection excited by bubble activity in the normally 
laminar sublayer" (compare with Ref. [4]) is therefore postulated. 
Bubble-growth velocities are sufficiently large to explain the 
order of magnitude of the observed heat flux when tested with the 
Sieder-Tate convective-heat-transfer equation. We mention 
though that the flow conditions and therefore the temperature 
distribution caused by the random microconvection is quite dif- 
ferent from that caused by turbulent steady flow over a surface 
for which the Sieder-Tate equation is derived. 


? Numbers in brackets designate References at end of paper. 
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Fig. 2 Surface boiling for various velocities and levels of subcooling 
(from Ref. 
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, 4 4 4 


Fig. 3 Schematic diagram showing liquid velocity, bubble-induced 
velocity, and heat flux for “microconvection” mechanism 


A schematic view of this mechanism is shown in Fig. 3. Ac- 
cording to this viewpoint, the liquid velocities V (induced by the 
bubbles growing with radial velocities of the order of 10 or 20 fps) 
are so large that they (and not the convective velocity W) deter- 
mine the temperature distribution in the sublayer near the heat- 
ing plate. 

It is important to observe though that the heat flux (which is 
shown in Fig. 3 as a large white arrow) is from the heating surface 
through the sublayer to the liquid. Therefore, according to this 
mechanism, the heat flux should strongly depend on the tempera- 
ture difference (T'wart — Tiquia) which is the driving potential for 
the heat flux; in fact, according to the Sieder-Tate convective- 
heat-transfer equation the heat flux should be directly propor- 
tional to this temperature difference. But, according to experi- 
mental] finding (b) already mentioned, no such dependence on the 
temperature of the liquid is observed. Experiment shows that, 
for the same superheat (7T'wai1 — T'sat), the heat flux in nucleate 
boiling remains essentially unaffected while the subcooling may 
increase by a factor of ten and the temperature (T'wai — Tiquia) 
may increase by a factor of three. Mechanism 1 is thus incom- 
patible with experimental findings and must be abandoned. 
Qualitatively, micro-convection parallel to the heating surface is, 
of course, present; but quantitatively, it cannot provide a major 
part of the heat flux in nucleate boiling. 

Mechanism 2: The Bubbles Act in the Manner of Surface Roughness. 
Led by their experiments reported in Ref. [2], Sabersky and 
Mulligan explored a very interesting alternative mechanism for 
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heat transfer in nucleate boiling: It had apparently been sug- 
gested by H. 8. Tsien that for boiling heat transfer with forced 
convection the bubbles on the heating surface increase the tur- 
bulent exchange of liquid between the heating surface and the 
bulk liquid moving at velocity W by acting much in the same 
way as roughnesses. By this mechanism the bubbles would 
affect heat transfer and pressure drop similarly as in flow in a 
very rough pipe, that is, in accordance with Reynolds’ analogy. 

Sabersky's experimental findings are most valuable in further- 
ing our understanding of the nucleate-boiling process, but we do 
not find Tsien’s hypothesis tenable: (a) Just as for Mechanism 1, 
the heat flux would again have to depend directly on the tem- 
perature difference (Twain — Tiiquia) Which is not borne out by ex- 
periment; (b) if Tsien’s hypothesis were correct the heat flux 
would have to depend strongly on the ratio of (mean) bubble 
diameter to pipe diameter because the friction coefficient is de- 
pendent on the ratio of mean size of roughness to pipe diameter 
and, in accordance with Reynolds’ analogy, the heat-transfer co- 
efficient must then be similarly affected. But it is found ex- 
perimentally that, for instance, doubling the pipe diameter from, 
say, 2 to 4 in. leaves the heat flux practically unchanged. 

Mechanism 3: Latent Heat Transport by Bubbles. By latent heat 
transport is meant that while a bubble grows it absorbs latent 
heat of vaporization which is then returned to the liquid bulk 
when the bubble collapses. 

It has already been shown by Jakob and others that the latent 
heat transport of the bubbles fails to explain the high heat-trans- 
fer rates observed in boiling. A demonstration of this fact by 
Gunther and Kreith [4] is reproduced here because use of some of 
their data will be made later on: 


Observed heat flux g 

Liquid temperature 

Wali temperature 7, 

Average maximum radius of bubble 

Frequency with which the bubble pattern 
cycles 

Number of bubbles visible per sq in. N 


2.0 Btu/sq in. sec 
98 F 

270 F 

0.015 in. 


= 1000 per see 
280 


The amount of latent heat delivered to the bulk liquid per 
bubble is then (Vz is the bubble volume) 


Lp.V, = (970 Btu/Ib) (2 X 10°) Ib/in.* (7 X 


= 1.4 X 107 Btu/bubble 


Multiplication with the number of bubbles and cycling frequency 
vields the latent heat transport 


(q)isten. = 1.4 X 10-7 K 280 XK 1000 = 0.04 Btu/in.? sec 


When this value is compared with the observed heat flux of 2 
Btu/in.? sec it is seen that the latent heat transport accounts for 
only 2 per cent of the total heat flux. 

Snyder [3] pointed out that this heat flux carried by latent- 
heat, though insufficient by itself, could be increased by assuming 
additional heat flux through the bubbles by mass transfer. In de- 
tail: Heat flows into the individual bubble near the superheated 
base at the heating plate, is absorbed as heat of vaporization at 
the vapor-liquid boundary, is carried as steam to the top of the 
bubble where the vapor condenses while giving off the latent heat 
to the subcooled liquid bulk. Experiments are being performed 
by Snyder and Edwards to verify this hypothesis on the path 
of heat flow and further analysis of this mechanism will depend 
upon the outcome of the experiments. 

Mechanism 4: Vapor-Liquid Exchange Action. The most satisfac- 
tory of the nucleate-boiling mechanisms so far proposed is 
Mechanism 1, but we have also seen that its adoption leads to 
contradictions with experiment in so far as the dependence of heat 
flux on subcooling is concerned. We are therefore looking for an 
alternative and we shall presently show that the assumption of 
strong microconvection in the sublayer is an unnecessary as- 
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A VOLUME Vz. OF HOT 
LIQUID 1S PUSHED IN- 
TO THE BULK 


THE BUBBLE HAS COLLAPSED 

AND A VOLUME OF COLD LIQUID 
1S BROUGHT IN CONTACT WITH 
THE HEATING SURFACE. 


THE BUBBLE !S DETACHED AND 
A VOLUME OF COLD LIQUID RE- 
PLACES THE BUBBLE AT THE 
HEATING SURFACE. 


Fig. 4 Schematic diagram for vapor-liquid exchange mechanism: 
(a) For detaching bubbles, (b) for growth-collapse cycle 
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Fig. 5 Temperature distribution in water related to sizo of hemispherical 
bubbles (from Ref. [4], p. 16, Fig. 12) 


sumption and that the heat flux observed in nucle::te boiling can 
be accounted for without it. 

Referring to Mechanism 3, it was observed that the latent heat 
contained in the bubbles accounts for only a few per cent of the 
total heat absorbed from the heating surface. But, in addition 
to the latent-heat transport, the bubbles also transfer heat during 
their growth by pushing a quantity of hot liquid from the heating 
surface into the stream. As illustrated in Fig. 4, whether a bubble 
grows and then detaches, Fig. 4 (a), or grows and then collapses, 
Fig. 4(b), the total effect is that (at least) the bubble volume of 
hot liquid is transferred from the heating surface. 

The ratio of heat transferred by this vapor-liquid exchange to 
the heat transferred by latent-heat transport is evidently the di- 
mensionless ratio M of the heat content of the bubble volume 
filled with hot liquid to the latent-heat content of the vapor in the 
same bubble 


(1) 
Lp, 


resruary 1959 / 45 


; 
3 
BS 
7. We Z 
sale 
‘ 
0.060 
¥ = 0.055 al ‘a 
= 
0.045 
= 0.040 
= z = 
me < 
A 
4 
hig 
- 
| 
ie 


A mean temperature difference AT mean between the wall tempera- 
ture 7’, and the liquid temperature 7’, must be taken to account 
for the temperature distribution near the heating surface. One 
may at first think that this ratio will be small because the heat of 
vaporization L is large (of the order of 10° in British units) but 


the fraction (p,/p,) is also large and, e.g., for water at atmospheric 
pressure 


(60 Iby/ft*®) (1 Btu/lby deg F) 
(970 Btu/Iby) (3.6 107? lby/ft*) 


(AT deg F) = 


Now, the temperature difference (7, — 7',) is of the order of 
10? and ranges (for water at 1 aim) from, say, 30 F to over 150 F 
whereby the ratio M ranges from 50 to over 250. 

The foregoing shows that about 100 times more heat is trans- 
ferred by the process of liquid-vapor exchange at the heating sur- 
face than by the latent-heat transport. But it is well known that 
the latent-heat transport accounts for a few per cent of the total 
heat flux. It follows that the simple mechanism of the exchange 
of liquid and vapor for each bubble volume is sufficient to account 
for the observed heat flux in nucleate boiling. 

It is fortunate that Gunther and Kreith measured in one experi- 
ment both the bubble radii and the temperature distribution near 
the heating surface. Their measurements are reproduced in Fig. 5 
(which is Fig. 12 of Ref. [4]). 


siderations more exactly in 


This permits us to test our con- 
this case. From the size of the 
maximum bubble and the temperature distribution as given in 
Fig. 5, the heat content of the volume of liquid (later) occupied by 
the vapor bubble can be easily computed and it is found to cor- 
respond to a mean temperature difference of AT mean = 95 F. 
This makes the ratio M = 1.7 & 95 = 160, orin words: The heat 
content of the bubble volumes in the form of hot liquid is 160 
times their heat content in the form of latent heat. In this 
example the latent-heat transport was shown to account for 0.04 
Btu/in.* see while the observed total heat flux was 2.0 Btu/in.* 
sec. Since 0.04 X 160 = 6.4 Btu/in.* sec, the following is evident: 
If all of the liquid displaced by the growing bubbles were pushed 
into the main stream of temperature 7, this liquid-vapor ex- 
change alone could account for three times the observed heat 
flux. Of course, for each growth and collapse cycle only part of 
the displaced liquid mixes with liquid of temperature 7, and this 
accounts for the fact that the heat flux is not as high as the 
maximum theoretically possible by this mechanism. 

To summarize what has been established: The assumption that 
the action of the bubbles is to increase the heat flux, by causing 
strong microconvection in the highly superheated sublayer at the 
heating surface (Mechanism 1), is incompatible with the experi- 
mental finding that the heat flux is quite insensitive to the level 
of subeooling. The amount of heat transferred by the liquid- 
vapor exchange taking place every time a bubble grows and then 
collapses on, or detaches from, the heating surface is by itself suf- 
ficient to account for the heat flux in nucleate boiling (Mechanism 
4). 


The Effect of Subcooling 


According to Mechanism 4, the pulsating bubble volumes draw 
liquid from the bulk (at temperature 7',) to the heating surface 
of temperature 7’, and then push the heated liquid back into the 
bulk, At first, it would appear that this mechanism too (like 


Mechanism 1) cannot explain the insensitivity of heat flux to 
However, detailed considerations do 
yield the following explanation. 

When a bubble grows to some maximum size R,,,, and then 
collapses, it causes the exchange of a volume of liquid propor- 
tional to R'nax; the amount of heat withdrawn from the heating 


the level of subcooling. 
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surface by each bubble growth-collapse cycle is then proportional 
to (AT; + AT2)-R'nax where AT, and AT; are the superheat 
and subcooling, respectively. Let the period of a growth-collapse 
cycle be rT; then the amount of heat transferred by each cycling 
bubble per second is proportional to 
1 
q ~ max(T, — T1) (2) 
since the sum of superheat and subcooling is (7, — 7',). 

The insensitivity of heat flux to subcooling is a result of the 
combined effect of the amount of subcooling on the maximum 
radius Rmax and on the bubble lifetime 7; that is, as the liquid 
temperature 7’, drops (subcooling increases) the maximum radius 
decreases so strongly that the decrease of the factor R'nsx in 
Equation (2) more than compensates for the increase in the factor 
(T,, — T,). This may be seen from Table 1 which is compiled 
from Ellion’s data [5] on the effect of liquid temperature on bub- 
ble dynamics. 

In columns 1 and 2 the liquid temperature and subcooling are 
listed; the superheat A7, in this test was 45 deg which gives a 
total temperature difference as shown in column 3. As the sub- 
cooling (listed in column 2) increases, the maximum radius at- 
tained by the bubbles (shown in column 4) decreases. It is seen 
from column 5 that the product of bubble volume and tempera- 
ture difference not only does not increase with increasing sub- 
cooling but, in fact, decreases. Thus, despite the fact that larger 
subcooling increases the total temperature difference between 
heating surface and bulk liquid, the heat transferred according to 
Mechanism 4 for each bubble cycle decreases. 

Subcooling has a further effect: The period 7 of a bubble cycle 
decreases with an increase in subcooling. Ellion [5] reports that 
rt decreased from 1.1 milliseconds to 0.5 millisecond when the 
liquid temperature was lowered from 177 to 62 F. This is shown 
in column 6 where the reciprocal of the period is listed. 

In accordance with Equation (2) it is the product of columns 
5 and 6 which determines the heat flux according to Mechanism 4. 
This product is shown in column 7. 


By comparing column 7 
with column 2 


it is seen that while subcooling was changed by 
more than 400 per cent the product appearing in Equation (2) 
changed only by about 15 per cent; an insignificant variation in 
view of experimental accuracy. 

From the foregoing, we conclude that the combined effects of 
subcooling largely cancel each other and this is the explanation 
for the apparent insensitivity of heat flux to subcooling. At this 
point it is well to note that the number of nucleating centers on 
the heating surface depends primarily on the surface temperature 
(superheat). 


Table 1 The infivence of subcooling on the heat transferred by one 
bubble 
(Tw — Tt) 
Tr), (Te — Tr) 1 ¢ycles 
Tr AT: deg F Rmax, in. X 10° r’. sec r 
177 35 80 0.022 0.85 909 0.77 
140 72 117 0.019 0.80 1100 0.88 
100-112 157 0.016 0.64 1430 0.92 
62 150 195 0.013 0.43 2000 0.86 


Before closing this section we can use the data in Table 1 to 
show again that the liquid-vapor exchange taking place at the 
heating surface accounts fully for the observed heat flux. Let us 
assume that the mean temperature of the bubble volume of 
liquid at the heating surface is about half of (7, — 7',); this 
yields (cf. column 7, Table 1) a mean value of about 0.44 for the 
quantity R'nax (7, — T'z)mean/T. The heat transferred per 
bubble per second is then (for hemispherical bubbles) 
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for each bubble. Since it is well known that for the superheat 
considered in this example there are about 100 bubbles on the 
square inch, the heat flux becomes 3.2 Btu/(in.*) sec; the ob- 
served heat flux was 1.6 Btu/(in.?) see. This example shows a 
simple way of calculating the heat flux. It is seen that the 
feasibility of calculating the heat flux directly (that is, not by 
dimensionless correlations) depends largely upon the possibility 
of calculating the maximum radius; a new method for the 
calculation cf such problems in bubble dynamics is reported in 
Ref. [6]. 

“Reynolds’ Analogy” in Nucleate Boiling. Leynolds’ analogy is 
based on the identity of differential equations describing the dif- 
fusion of vorticity and the diffusion of heat in a fluid. For a fluid 
with Prandtl] number equal to 1 the relation between shear stress 
and heat transfer is the same for laminar and for turbulent flow 
(i.e., in the laminar sublayer and in the turbulent core) and the 
resulting relation between friction coefficient Cy» and heat-con- 
vection number C,, is then 


Cp 2C (3) 


If there is no laminar sublayer, equation (3) is not restricted to 
fluids with Prandt! number equal to 1. 

Sabersky and Mulligan [2] showed by their experiments that 
the relation given by equation (3) is also satisfied for boiling heat 
transfer with forced convection. Since we propose in this paper 
that the vapor-liquid exchange mechanism is the correct one, we 
wish to show that equation (3) can be deduced as a consequence 
of this mechanism. 

One can see the basis of the analogy, qualitatively, by reference 
to Fig. 4. Suppose a bubble grows and is then detached from the 
heating strip. When it reaches the main stream it has caused two 
things to occur: Firstly, the volume of liquid which the bubble 
displaces is being heated at the heating surface whereby the fluid 
gains heat; secondly, the volume.of liquid which the bubble dis- 
places had previously a certain momentum: this was lost by the 
liquid when the liquid replaced the bubble and became essentially 
stationary at the heating surface. This alternating gain of heat 
and loss of momentum of the liquid is the essence of the analogy. 
If the bubble is not detached but collapses on the heating strip 
the heat and momentum exchange is similar. 

To make these considerations quantitative we start with the 
heat flux g per sec per unit area; then, in accordance with the va- 
por-liquid exchange mechanism, the volume of liquid exchanged 
per second per unit area is g/p,cA7. Consider a section of pipe 
of length dz and radius r as illustrated in Fig. 6 with flow velocity 
W; the mass of liquid exchanged at the surface is then obtained 
by multiplying the expression given by the area 2radz and density 
p,; the change of momentum per second due to vapor-liquid ex- 
change becomes 

2orm Wax 
momentum change = = (4) 
cAT 
Let Ao be the effective cross-sectional area occupied by liquid (cf. 
Fig. 6; part of the cross section is occupied by vapor as shown); 
then the momentum change for a length dz is also equal to 
( dp ) . 
—Apo dx } and therefore from equation (4) 
dx 
dp 2grmW 


= (5) 
dz cAT 


—™ 


The heat convection number C,, is defined by the equation 


= CyppeWAT (6) 
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Fig. 6 Schematic diagram showing effective cross section of pipe for 
Reynolds’ logy” in leate boiling 


which is inserted in equation (5) to give 


i 
= 2C yp (7) 


The pressure change is related to the coefficient of friction Cp 
by the Fanning equation (see, e.g., Ref. [1] p. 145) 
—d Ww? 
PL (8) 
dr 2r, 
In our case the hydraulic radius r, = Ao/2r7;_ thus equation (8) 
inserted in equation (7) yields 


2 
2Ao 
or, after cancellations, Cp = 2C'y. 
ported by Sabersky and Mulligan. 
We mention that in our deduction we have tacitly assumed 
that the velocity and temperature profiles are similar in a region 
roughly corresponding to one bubble diameter above the heating 
strip. The agreement with Sabersky’s experiment seems to bear 
this out for temperatures and pressures as reported. If conditions 
prevail for which the afore-mentioned profiles differ greatly, the 
factor of 2 between Cy and Cy will change accordingly. For high 
liquid velocities the liquid spends not enough time near the heat- 
ing surface to acquire the wall temperature to sufficient depth; 
then, less heat than momentum is transferred and the factor of 2 
in equation (9) may be expected to increase. 


This relation is the one re- 


The Effect of Forced Convection 


It may be seen from Figs. 1 and 7 that the slope of heat flux 
versus temperature changes very strongly and quite abruptly 
when boiling starts: For nonboiling the heat flux depends strongly 
on the convective velocity W of the liquid; the slope is small and 
the heat flux can be calculated from nonboiling correlations for 
forced convection like the well-known equations of Dittus and 
Boelter [7]. Once boiling is well established the slope is seen to 
increase strongly and the heat flux is seen to become independent 
of convective velocity W. 

It seems the microconvection mechanism fails to vield an ex- 
planation why the bubble-induced convective velocities should 
completely nullify the effect of the convective velocity W of the 
liquid, while the latter velocity is frequently much larger than 
the former? Consider, for instance, the situation illustrated in 
Fig. 7 where convective velocities up to 20 or 40 fps prevail in 
the boundary layer which is, just like the bubbles, in the im- 
mediate vicinity of the heating surface. The mean velocity with 
which the bubble surfaces move is about 10 fps and the velocity 
thereby induced in the liquid is only a few feet per second because 
the bubbles are so small and occupy, at most, about 25 per cent 
of the heating surface [5]. Moreover, the fact that these micro- 
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Fig. 7 Forced-convection heat transfer with and without boiling for 
aniline (from Ref. {15|, p. 872) 


convective velocities change their direction at random does not 
permit the development of the thin boundary layer (which would 
normally develop for unidirectional turbulent flow) without 
which a high heat-transfer rate cannot be produced. In short, the 
effect of liquid velocities W of 30 or 40 fps in the boundary layer 
cannot be nullified by the small additional increase caused by the 
microconvective velocities. The microconvective velocities 
parallel to the heating plate are certainly present (cf., Ref. [4], 
Fig. 13) but their contribution cannot explain the experimental 
fact that the heat flux in a boiling liquid with convection is es- 
sentially the same as that for a boiling liquid at rest. 

The vapor-liquid exchange mechanism, however, shows im- 
mediately why the heat flux in boiling is so much larger than in 
convection and why it is independent of liquid velocity. Both in 
convective heat transfer and in boiling heat transfer the heat 
flows first from the heating surface to an adjacent thin layer of 
liquid. The difference between convection and boiling lies then 
in the way in which heat is transferred from this thin layer to the 
liquid bulk. In convection, whether we call it micro or macro 
convection, this transfer of hot liquid to the bulk takes place by 
diffusion by eddies. When surface boiling occurs, the bubbles, in 
growth and collapse, act as highly efficient piston pumps working 
at about 1000 cycles per second, which pump mechanically the 
hot liquid from the heating strip to the bulk and the cold liquid 
from the bulk to the heating surface. The latter mechanism of 
heat transfer is much more effective than diffusion by eddies and 
this is the reason for the tremendous increase in heat flux ob- 
served after boiling starts (compare Fig. 7). 

It follows that, once this highly effective mode of heat transfer 
is operative (yielding a heat flux one or two orders of magnitude 
larger than that arising from eddy diffusion), the contribution 
stemming from convective heat transfer loses its importance. It 
is also apparent why the heat flux, when surface boiling takes 
place, is independent of the liquid velocity W: The pumping 
action of the bubbles is independent of the velocity W of the 
liquid bulk while, in contrast, diffusion by eddies i» entirely de- 
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Fig. 8 Ratio q:/q for different liquids at various velocities, bulk tem- 
peratures, superheats, and system pressures 


pendent on just this velocity. The fact that the pumping action 
of the bubbles is more than sufficient to account for the observed 
heat flux was already shown in this paper. 

We shall deduce in the next section a number of correlations 
giving the heat flux for various liquids, at rest. On the other 
hand, we have just discussed the fact that the influence of con- 
vection on heat flux disappears, once boiling is well established. 
It only remains to find the point on the heat flux curve at which 
this takes place or to find the following relation: Given a liquid 
at velocity W, find that heat flux and superheat beyond which the 
liquid velocity ceases to be of influence. This point for the re- 
spective liquid velocity is designated as P; in our Figs. 1 and 7. 

The foregoing considerations give us a means for computing the 
location of P; on the heat flux curve. From the physical point of 
view the contribution of convection to the heat flux disappears as 
boiling develops because the flow established by the growing and 
collapsing bubbles destroys the thin boundary layer which was 
previously present in convective flow. To find a relation for the 
heat flux 4, corresponding to the point P; we merely have to find 
out when the boundary layer connected with convection will be 
destroyed by the action of the bubbles. The answer is that this 
will take place when the heat flux due to bubble action becomes 
equal to and somewhat surpasses the heat flux due to eddy dif- 
fusion (convection); since the bubble activity, as a mode of heat 
transfer, is 10 to 100 times more efficient than eddy diffusion the 
former will prevail exclusively when the heat flux is increased 
beyond the point where the contributions by these two modes 
attain equal order of magnitude. Let q signify the flux for the 
point Po (see Fig. 1) where the curve for purely convective heat 
transfer intersects the curve for heat transfer due only to bubble 
activity (pool boiling). Then from the foregoing we expect that 
q@: will be one to two times g. A test of the usefulness and 
correctness of our considerations will come with the question 
whether the ratio (4:/go) is in this predicted range for different 
liquids, various liquid velocities, and various levels of subcooling. 
This ratio is shown in Fig. 8 for various conditions and for dif- 
ferent liquids. It is seen to be in the vicinity of 1.4 for most data 
and between 1 and 2 for all data 

Gi < 2G (10) 
Anticipating that we shall produce a correlation for pool boiling in 
the next section, it is possible to find % analytically as the inter- 
section of the correlation for pool boiling and the Sieder-Tate 
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equation for forced-convection heat transfer. Then, equation 
(10), together with the Sieder-Tate equation and the correlation 
for pool boiling, will permit the prediction of heat flux with and 
without subcooling, boiling, and convection.* 


Correlations for the Heat Flux in Nucleate Boiling 


Until analytical expressions for the maximum radius Rmax will 
be available, the direct calculation of heat flux along the lines of 
section 3 is not possible and correlations must be derived from 
dimensional considerations. We must first decide from physical 
considerations what the important parameters and dimensionless 
groups are. One of these is certainly the Prandtl! group 


(11) 


Another parameter should be representative of cycle frequencies 
and of the dynamics of bubble growth in general. Parameters 
important in nucleation, e.g., the critical radius Ry (which de- 
pends on surface tension) will be included in a third group.‘ We 
shall include viscosity in the second group and designate it 7; 
we shall include the heat flux g in the third group, m2. The two 
groups then play in our correlations the role of Reynolds’ modulus 
and Nusselt’s modulus, respectively, but since both contain 
mechanical as well as thermal properties we shall refer to them 
simply as dimensionless groups. 

The problem of the growth of a vapor bubble in a superheated 
liquid was analyzed previously to the first order in superheat 
AT, [8], [9], and [10]. For large superheats which occur in boiling 
and in bubble chambers an analysis to the second power in super- 
heat would be desirable, but the mathematical difficulties are 
forbidding. An advance in this direction can be made, however, 
in the following manner: 

Rayleigh’s equation which is to be solved 


3. 2 
(ni +> ie) = Ap - 


R 

* contains the excess pressure Ap; the associated heat conduction- 
convection problem [10] yields A7, as a function of the radius R 
and time ¢, and consequently Ap becomes a function of F# and t, to 
be inserted into equation (12). If the exact expression for Ap 
were inserted, equation (12) would become too complex for further 
analysis. Therefore, only the linear term in A7’, entered the 
original calculation and the radius as a function of time became 
proportional to the first power in superheat, Ref. [9] equation 
(14). Since equation (12) depends explicitly on excess pressure 
Ap we can develop its solution R = G(Ap, t) (for a specific in- 
stant) 


R(Ap) = Ry + A:\Ap + A:Ap? +... (13) 
If the exact solution to equation (12) in terms of A7, were known, 
say R = F(AT), t), it could similarly be developed into the 
power series 


3 The fact that convective (nonboiling) heat flux and (pool) boil- 
ing heat flux are not additive may be seen in Fig. 7. At points Po 
the heat flux for boiling is equal to that for convection. If these two 
fluxes were additive the total heat flux for 37 fps would have to be 
2.0 Btu/in.? sec; but at this point it is seen to be at most 1.2 Btu/ 
in.? sec. Similarly, at Py» for 21 fps, heat flux from convection and 
boiling separately is 0.6 and if these fluxes were additive the total 
flux would be 1.2; but in reality the heat flux is seen to total less 
than 0.7 Btu/in.? see. 

4 Properties of the heating surface will not be considered here. We 
are aware that, by special treatment of surfaces, like oiling, scratching, 
pitting, aging, and so forth, the heat flux can be changed considerably, 
but a quick survey shows that most experiments of importance to the 
designer are performed with clean surfaces and yield a heat flux which 
depends on the second to third power of superheat. For practical 
purposes we are content to aim our analysis at this body of experi- 
mental evidence. 
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R(AT;) = Ro + B, AT, + B,AT;? (14) 


Now, the development of excess pressure in terms of superheat is 


1 


2 dT? 


(15) 
where the derivatives are to be evaluated at saturation tempera- 
ture 7',. When the excess pressure Ap from equation (15) is 
inserted into equation (13), equation (14) must result; this per- 
mits us to calculate the coefficients A,, As, ...if we know B,, Bs... 


1. @ Ip 
= +(*) As = Bs, ete. (16) 


- 


2 


‘aT? dT 
But B, was previously calculated as 


(ma)'/* (17) 
and we obtain from equation (17) the coefficient for the growth of 
a vapor bubble in a highly superheated liquid, to the first order in 
excess pressure 


cp,(ma)'/*T, 


A = A,Ap (Lp, 


Ap (18) 
where Clapeyron’s equation was used for dp/d7’; J is the me- 
chanical heat equivalent. 

We make use of equation (18) in forming the dimensionless 
group 


PL 


1? (19) 


In many problems the heat flux has been found to depend on 
the '/; power of Prandtl number; we shall also assume such de- 
pendence in our problem. 
tions of the form 


We are thus led to consider correla- 


(20) 


For every judicious choice of a dimensionless group m2 equation 
20) yields a correlation. For the determination of the exponent 
n we propose the following method. Bonilla and co-workers [11], 
{12] have found that a simple relation exists between superheat 
and system pressure at constant heat flux and for low pressure 


d(log P) = const. 4 


Professor Bonilla reports that equation (21) holds for many 
liquids which are quite different in nature (e.g., for water, iso- 
propanol, and mercury) from which one may conclude that equa- 
tion (21) expresses a rather fundamental relation in nucleate boil- 
ing. We shall therefore use this equation for the determination of 
the exponent n in equation (20). 


(21) 


We illustrate the procedure by 
deriving the following two correlations. 

Correlation 1. As the simplest possible choice for 7, we form a 
Nusselt modulus (g//kA7\) using the critical radius Ry = 20/Ap 
as the characteristic length 1 

a 
= 
: kAT, 


Equation (20) then takes the form 


C; (2 / 


kAT, Ap ~ 
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the quantities 7... and p,; other quantities (e.g. p,, 7, c) are, by 
an order of magnitude, less pressure dependent. To carry out the 
differentiation indicated in equation (21) for low superheat and 
low pressure we express Ap in terms of AT’ by Clapeyron’s equa- 
tion and we use the ideal-gas law for p,; from equation (23) the 
heat flux then depends on boiling temperature 7’, and system 
pressure in the following manner 


AT, {T,AT,\™ 
ar, ( (24) 
T, 


where the second and third term on the right side of equation 
(24) stems from Ap and A? in equation (23), respectively. Making 
use of 


dy(x) dy 
— 
d log x dz 


we differentiate equation (24) while keeping 9 constant and ob- 
tain 


d log AT, 1 — 2n 2n — 2 RT, sa 
= + (25) 
d log Pp q= const 2 + 2n 2n + 2 L 
For low pressure (RT,/L) is small and equations (25) and (21) 
yield an equation for the exponent n 


1 — 2n l 


Correlation I according to equation (23) is then 


k V/s 
g= 1 ApAT, ( Pe A? (“ ) (27) 
k 


Since A is proportional to Ap the heat flux is seen to be propor- 
tional to (A7T,;Ap'*). Thus ¢ depends on superheat to the 2.4 
power for low AT, and follows a moderate exponential increase 
(since Ap depends exponentially on superheat) as the superheat 
increases. Experimentally, a dependence of heat flux on super- 
heat raised to a power between 2 and 4 is generally reported; 
Correlation I is seen to be in good agreement. We may point 
out that this exponent in superheat was not inserted in the course 
of the derivation, since n was obtained from the dependence on 
system pressure. 

Comparison of Correlation I with experimental data for water 
is shown in Fig. 9 with Cr = 0.7 K 10~*in this case. The correla- 
tion has practical value because, after C; is determined by one 
measurement of heat flux at atmospheric pressure, the heat flux, 
say, at 50 atmospheres is accurately predicted by equation (27), 
as illustrated in Fig. 9. Equation (27) was also tested for other 
liquids including liquid mercury; again, the equation predicted 
the heat flux correctly for high and low pressure once the co- 
efficient C; was determined from a measurement at atmospheric 
pressure. The coefficient C; varied (from water to mercury) by a 
factor of 2. 

Correlation tt. While Correlation I does predict the heat flux in 
its dependence on pressure and superheat, the coefficient (; varies 
from one liquid to another. Although a variation by a factor of 2 
(for liquids as different physically as water and mercury) is small, 
we wish to present another correlation which seems to have more 
general validity since we have found it to predict, without any 
change whatever, the heat flux in nucleate boiling of all liquids 
which we have tested so far. 

We arrive at this correlation by choosing for m2 in equation (20) 
the dimensionless group 


= q ( 28) 
Lp, \a Ap 
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The system pressure p is contained in equation (23) implicitly via 
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Fig. 9 Comparison of Correlation |, equation (27), with experimental 
data of heat flux in water at 1 and 50 atmospheres 


0” 
; 
i 
ad WATER 
© EXPERIMENTAL , CICHELL! AND + 
BONILLA; REF (20). | 
8 O EXPERIMENTAL; GUNTHER AND | 
KREITH REF (21) 
1 —— CORRELATION II ; EQ. (30). 
$ 
= «4+ + 
3+—+ + 
| p* SO | 
T TT] 
|| 
| 
3 7 
je" arm. } 
| 
3 
/ 
2-— 
' 2 3 4567690 2 3 4 56789108 


Teaur~ 


Fig. 10 Comparison of Correlation Il, equation (30), with experimental 
data of heat flux in water at 1 and 50 atmospheres 


obtained from dimensional analysis. From equation (20) we then 
obtain, analogous to equation (23), 


=C A? 29) 
Lp, (2) ) ( k ) 
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Fig. 11 Comparison of Correlation Il, equation (30), with experimental 
data of heat flux in mercury at 1 atmosphere 


Exactly as before we use the ideal-gas law for p, and Clapeyron’s 
equation for Ap at low superheat and differentiate equation (29) 
for constant heat flux g; equation (21) then gives an equation for 
n. After some arithmetic equation (21) yields n = 5/5. The 
coefficient Ci: was then obtained from equation (29) by compari- 
son with experiment for one liquid; the correlation, for any 
consistent system of units, becomes 


acp,T, cT a’? PL uc 
1 Ap? 
\ J(Lp,)? k 


(30) 


g@ = 1.2 X 10-3 


For the heat flux g in Btu/hr ft? and the other quantities in units 
as given in the nomenclature 


5/s 
= 4.3 X ep & Ap? 
oa ’*(Lp,) /? k 


(31) 


We have tested equation (30) by comparison with experi- 
mental data for the following liquids and physical conditions: 


Water—for pressure from 1 to 50 atmospheres (cf., Fig. 10) 
n-Buty! alcohol—for 50 psia 
Aniline—for 35 psia (ef., Fig. 7) 


Mereury—for 1 and 3 atmospheres (cf., Figs. 11 and 12) 


The extent to which equation (30) represents the experimental 
data can be judged from the graphs. While this correlation may 
not, for each liquid, be as accurate as Correlation I it must be re- 
membered that equation (30) is as accurate as it is, without any 
variation in the coefficient Cir and thus permits the prediction of 
heat flux without resort to experiment. 

We have also compared equation (30) with whatever data we 
could gather for boiling heat transfer in liquid sodium [13] and 
we found fair agreement. For liquid cesium equation (30) vields 
reasonable values but no comparison with experimental data 
could be made because the sparse data reported in the literature 
are obviously for conditions of film boiling. 
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Fig. 12 Comparison of Correlation Il, equation (30), with experimental 
data of heat flux in mercury at 3 atmospheres 


It is interesting to comment on the slope of the heat-flux curve. 
The exponent of superheat has variously been reported in the 
range from 2 to 4; measuring the slope in Fig. 10 with a simple 
ruler reveals that for atmospheric pressure and 15 F superheat the 
slope is 2.1 while for 80 F superheat a slope of 3.5is found. Equa- 
tion (30) brings about this increase in slope of heat flux versus 
superheat by being explicitly dependent on excess pressure Ap 
which, in turn, is not a linear but an exponential function of 
superheat. 

In closing, we wish to outline how the results presented in this 
paper may be used to calculate the heat flux in a subcooled liquid 
with forced convection. Let it be required, for example, to caleu- 
late the heat flux in aniline (ef., Fig. 7) for liquid temperature 
T,, superheat AT, subcooling and velocity W. 

First, the heat flux go is calculated, as outlined in this paper, 
as the intersection of equation (30) (for nucleate boiling) with the 
equation of Sieder-Tate [14] for convective heat transfer (without 
boiling) at velocity W and temperature difference (7, — 7',). 
With known, equation (10) gives 1.4g0; the corresponding 
superheat and temperature of the heating surface 7’, is then 
directly found from equation (30) or from the graph which was 
plotted to find go. 

With 7, known, there are three regimes to consider: For wall 
temperatures higher than 7; equation (30) [or equation (27)] is 
applicable; for a wall temperature at the boiling point or below, 
the Sieder-Tate equation is applicable; for the narrow range 
between incipient beiling and 7; the heat flux can be easily 
computed by assuming a linear increase between the point of 
incipient boiling and 7’. 
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DISCUSSION 
C. P. Costello’ 


It is the impression of the present writer that the authors’ 
Mechanism 4 is the one which actually takes place in boiling. The 
authors have made a substantial contribution in suggesting the 
manner in which the mechanism remains uninfluenced by sub- 
cooling and velocity. There seem to be some discrepancies in 
their theories, however. 

Gunther® has presented curves for the variations with subcool- 
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ing of Rmax, the maximum bubble radius 7, bubble lifetime F, 
the average percentage of heating surface covered with bubbles, 


new bubbles 
ton ie. ous) , at constant velocity 
sq in. )(sec 


Bt 
(10 ft/sec) and heat flux (2:85 ee “—). 
(sq in. )(see) 


Gunther found the behavior of 7 and Raax specified by the 
authors but also observed that N varied appreciably. In fact, 
near burnout N was proportional to subcooling to roughly the 
minus 1.6 power. At higher subcoolings, but with strong local 
boiling, N varied to the positive 2.4 power of subcooling. 

Since the authors postulate that the heat flux is directly propor- 
tional to the number of bubbles per unit area, the mechanism 
they propose would predict an effect of subcooling which ap- 
parently does not exist. 

The same is true with respect to velocity. Gunther's curves for 
the effect of velocity on bubble properties at constant heat flux 


3 
(s.70 ~ ) and subcooling (150 F) show 
(sq in.) (sec) 


and N, the bubble population, 


From this, 


= Nr« y-0s 
(sq In.) 
in the range of velocity 5-10 ft/sec (V denotes velocity). All 
values are approximate. The mechanism the authors postulate 
would then suggest 9 « V~'-*8 which has certainly not been ob- 
served experimentally. 

Finally the assumption that the entire area covered by bubbles, 
S, is available for pushing superheated liquid into the bulk of 
fluid is questionable. Portions of the bubble are prevented from 
contacting superheated fluid by other portions of the bubble. 
That the area S requires a modifying exponent is also indicated 
by the data of Gunther which show peak heat flux occurring at 
values of S/S» of 0.38, 0.09, and 0.18 depending on whether the 
approach to burnout was by varying subcooling, velocity, or heat 
flux, respectively. The different effects of the variations on 
bubble properties, thus charging the percentage of S available 
for pumping superheated liquid, may account for this dif- 
ference. 


Authors’ Closure’ 


The authors appreciate the stimulating comments and addi- 
tional information contributed by Professor Costello. Gunther 
defines N as the number of new bubbles of average size appearing 
on the square inch per second; in the present article N was 
defined as the number of bubbles visible per square inch. These 
two quantities are physically different and they differ numerically 
by a factor of 1000; the relation between them is not obvious 
because the bubble lifetime 6 enters in an unknown way. It 
may be noted though that the product (VO) from Gunther's 
data is practically the same (about 600) for subcooling of 60 F 
and 200 F. 

Detailed statements about the influence of velocity on bubble 
dynamics were not made in the present paper because little is 
known about it. Derivation of Equation (10), which is of interest 
to the designer, proceeded from more general considerations. 
The discusser’s questions about the percentage of area S available 
for pushing superheated liquid into the bulk and about the 
effect of interference between bubbles refer to the closing remarks 


7 This closure was written by the senior author at the University 
of Tokyo, Department of Mechanical Engineering, Tokyo, Japan. 
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of Paper 58—HT-11 (the present article was printed from a 
manuscript submitted earlier). As noted under the heading 
“Mechanism 4’ the vapor-liquid exchange would account for 
a heat flux of 6.4 Btu/in.? sec, when the observed heat flux was 
only 2.0 Btu/in.? sec. It could have been argued in great detail 
that only the component of velocity perpendicular to the heating 
surface is effective, yielding a factor of (2/7) (which is the 
average of cos a between 0 and 7/2) and that a complete bubble 
cycle is twice t which yields another factor of '/2, whereby, 
6.4 is divided by m and complete agreement with experiment 
appears. The authors felt, however, that with nucleate boiling 
as complex as it is, the construction of such detailed agreement 
between theory and experiment has but little scientific value. 
The discusser’s comments on area coverage and the peak heat 
flux (burn —_) will be further elaborated since this is a problem 
of considerable current interest. 

More than three years ago it occurred to the author that, 
physically speaking, film boiling is a simple process while nucleate 
boiling is a complicated one and that therefore it should be 
easier to understand and calculate the peak heat flux by ap- 
proaching it from the film boiling side and not from the nucleate 
boiling side as was usually attempted. The author proposed to 
study the physical conditions at the peak heat flux point by 
asking the question: Let the superheat be lowered in film boiling; 
under what conditions will the vapor film break down and permit 
the formation of bubbles? As a first estimate the answer to 
this question was that, as the superheat is lowered in film boiling, 
the film thickness decreases and that for superheat AT’, and 
excess pressure Ap the film breaks down when its thickness 
becomes comparable to the critical radius Ry. The reasoning 
was that Rp = 20/Ap is of the order of the distance at which 
surface tension and adhesive forces are sufficiently large to 
overcome the excess pressure and to form bubbles. Since the 
thermal conductivity of the vapor k, is by an order of magnitude 
smaller than that of the liquid, it constitutes the main resistance 
in the heat path (ef. Fig. 13) and this first estimate then gave 
for the peak heat flux 


Heat transfer through vapor film just before film break-up and 


Fig. 13 
adhesion 


For water at atmospheric pressure (all values are approximate) 
k, = 0.014 Btu/hr ft F, the superheat at the peak is AT, = 50F, 
and Ry = 3 X 10°* in. Equation (32) then yielded a heat flux 
of 280,000 Btu/hr ft?; considering the simplicity of assumptions 
this value compared well with the experimental value of 330,000 
Btu/hr ft? as given in McAdams.* At the time (1955) this 
seemed encouraging and the author explained the foregoing ideas 
to one of his students (Mr. N. Zuber) who was asked to check 
Equation (32) for higher pressures. The student reported that 
for higher pressures the heat flux values came out too high and 
work along this line was suspended; but the idea to calculate 
the conditions for which the film breaks down and to approach 
the peak heat flux from the film boiling region remained very 
strongly. 

It is observed that Equation (32) gives a good value for the 


8 Authors’ reference [1], page 386. 
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peak heat flux of carbon-tetrachloride too: For this substance 
k, = 0.0043 Btu/hr ft F, superheat at peak heat flux is AT, = 
35 F, Ap = 11 1b/in?, which yields Ry = 2.5 X 10~5 in®; Equation 
(32) yields a heat flux of 72,000 Btu/hr ft?. This value may be 
compared with the experimental value of 68,000 given by Ellion® 
and that of 58,000 given by McAdams. The peak heat flux 
phenomenon may well be one of hydrodynamic instability, 
as some believe; this author finds strong experimental support for 
the thesis that it is a mechanical and thermal phenomenon as he 
originally suggested: The peak heat flux occurs when the film 
becomes so thin and thermal conditions prevail so that surface 
tension and adhesive forces break up the film, bringing about 
adhesion to the heating surface and the formation of bubbles. 
An equation as simple as (32) is, of course, only a beginning 
and further work in this direction is needed. 

The authors fully agree with the discusser that it is indicated 
that the area coverage S requires a modifying exponent. Con- 
sidering that Gunther’s data for area coverage are not observed 
but calculated” his value of S/S; = 0.38 is in good agreement 
with the value 0.25 given by Ellion"; a substantial part of the 
surface is covered by vapor and not by bubbles. The cited 
values of 0.09 and 0.18 were calculated by Gunther for conditions 
well below the peak heat flux. 

The exact exponent to be affixed to a coverage factor depends 
on the analytical expression which is used as a measure of cover- 
age. The expression 8 defined by one of the physically equivalent 


quantit ies 
( 7 ), 
= 


Ap 

AT, 
+8 dp 

dT Tsat aT Tsat 

was previously proposed by the author as such a measure. This 
coverage factor, multiplied by the heat ratio M of vapor-liquid 
exchange [as given in equation (1) ], is contained in the dimension- 
less group 7, Equation (19). Explicitly, m, = [M(1 + 8)}?/(Pr), 


with a factor t = 3.14... omitted to avoid confusion. It is 
revealing to write the basic correlation Equation (20) in these 


Ap 
AT, Lp, J 


(33) 


terms Pr 
whence it becomes apparent why these correlations represent 
correctly the increase of heat flux with superheat but not the 
decrease of the increase which leads to the peak heat flux: The 
increase in heat transfer due to vapor-liquid exchange is reflected 
in M, the increase in coverage may be reflected in B; but the 
decrease in surface area in contact with liquid is not represented. 
If then a correlation of this type is multiplied by (1 — 8) raised 
to an appropriate power 


= + — B)™ (34) 


the heat flux for low superheat remains unaffected for any liquid 
and any system pressure but at high superheat the heat flux 
curve according to Equation (34) goes through a maximum. In 
an approach to the peak heat flux from the regime of nucleate 
boiling, these are desirable features of a factor introduced to 
measure the influence of superheat on vapor binding. 

In answer to many questions it is stated that in Correlations 
(27) and (30) material properties for the liquid were evaluated 
at 7’, because the liquid is in contact with the wall while proper- 
ties of the vapor were evaluated at 7',,, because the vapor tem- 
perature is close to saturation. 

® Authors’ reference [5], page 15. 

® Footnote 6, p. 117, equation (2). 

1! Authors’ reference [5], p. 57, Fig. 21. 


FEBRUARY 


1959 / 53 


4 
= 
5 
\ 
ar 
i 
3 
Paar 
ae 
F 
q AT, AT, ix 
4 max Ro 2a 
- 
| 
BMA 


7. KiRKPATRICK Transient Heat Conduction in Elliptical 


Assistant Professor, 
Mechanical Engineering 


1 
Department, Carnegie Institute P| t d Cyl d 
of Technology, Pittsburgh, Po. a es all in ers 
Assoc. Mem. ASME 
In 1945, N. W. McLachlan published the equations governing the problem of heat con- 
W. F. STOKEY duction in a long elliptical cylinder, including the solution for the case of a cylinder with 
a uniform initial temperature, subject to a sudden temperature change at the outer sur- 


Associate Professor, 


Mechanical Engineering face of the cylinder. This paper describes the numerical evaluation of McLachlan’s 
Department, Carnegie Institute solution by the use of a digital computer and includes a table of the necessary zeros of the . 
‘ of Technology, Pittsburgh, Pa. modified Mathieu functions. Tables of the temperatures in cylinders with eccentricities 
Assoc. Mom. ASME of 0.6, 0.7, 0.8, and 0.9 are given. 


Introduction values of the functions at the zeros, and the evaluation of integrals 
involving the functions. At the present time there are no pub- 
I. Rererence [1]? the equation is developed which lished values of the necessary zeros, functions, and integrals. 
This paper describes the evaluation of the temperature equation 
governs the conduction of heat in an elliptical cylinder that is long ue =a - . 
F 2 . . by the use of a digital computer, giving results for ellipses having 
enough in comparison with the major axis that the effects of heat . ‘eit £ 0.6, 0.7. 0.8, and 0.9 
transfer from the ends can be neglected. The equation is also ap- 
plicable to elliptical plates for which the surfaces are well enough 
insulated so that the heat transfer from them can be neglected. Theory 
A solution is developed for the case in which the cylinder is ini- : * ; 
; , : The following development of the temperature equations is ab- 
tially at a uniform temperature, and the boundary temperature is : Z . 
. ; stracted from [1]. The well-known two-dimensional equation 
suddenly changed to some new value. The numerical evaluation ee : - : : 
f for heat transmission, expressed in Cartesian co-ordinates is 
of the solution requires the zeros of certain Mathieu functions, the 


' Submitted in partial fulfillment of the requirements for the degree (1) 


2 2 
of Doctor of Philosophy for E. T. Kirkpatrick at the Carnegie Insti- Or oy aot 
tute of Technology. 
? Numbers in brackets designate References at end of paper. Let 06 — 0 = 0 = f(z, y) exp ( —av*t), where f(z, y) is inde- 


Contributed by the Heat Transfer Division of THe American 


pendent of t. Then 
Socrety or Mecwanicat Encineers and presented at the ASME- 


‘ AIChE Heat Transfer Conference, Chicago, Ill., August 18-21, 1958. 06 
Nore: Statements and opinions advanced in papers are to be ; = —av"é, 
understood as individual expressions of their authors and not those ot 


of the Society. Manuscript received at ASME Headquarters, Febru- 
ary 13,1958. Paper No. 58—HT-10. 


and substituting into (1) 


Nomenclature 


= separation constant leading to characteristic num- 


v*s?/4, a parametric value used with Mathieu dif- 


bers dan ferential equations 
‘ dz, = characteristic numbers of Mathieu differential Pon,m = mth parametric zero of Cezn(u, p) 
equations s = semifocal distance 


A,,™ = Fourier coefficient ¢t = time, hours 
b = semiminor axis, ft . 
¢ = specific heat, Btu/Ib deg F T=1- 8,” dimensionless temperature difference 
Pp) = cos 2ru, Mathieu function u,v = elliptical co-ordinates, radians 
yA up = boundary ellipse, radians 
« ui = u/uo 
p) = A2,* cosh 2ru, modified Mathieu function v = 
@ = semimajor axis, ft Wo, = ye , ratio of Fourier coefficients 


e = s/d, eccentricity 


z,y = Cartesian co-ordinates, ft 
exp = natural logarithm base a = k/cp, diffusivity, ft?/hr 
F = at/b*, Fourier modulus m = m/8? 
uo = i 
Cesn(u, Pon, m) cosh 2u — du = temperature rise, deg F 
a 0 ; ae 6 = boundary temperature rise for ¢ > 0 


uo = = specific weight, lbs/ft* 


k = thermal conductivity, Btu/hr ft deg F a 
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This can be transformed to elliptical co-ordinates, giving 


+ 

ou? Ov? 

where p = vs*/4, and f, is a function of u, v. By using the 

method of separation of variables, two ordinary differential equa- 
tions are obtained: 
d? 

+ (a — 2p cos 2v)f; (3) 

dv? 

ah 


du? 


+ 2p (cosh 2u — cos 2v)f, = (2) 


— (a — 2p cosh 2u)f, = 0 (4) 


Equation (3) is known as the ordinary Mathieu differential 
equation and (4) as the modified Mathieu differential equation. 
A formal solution of the temperature equation for the case in 
which the temperature distribution is symmetrical about both 
axes, expressed in elliptical co-ordinates is: 


= > Bay Céon(U, p) exp (—av*t) 
n=0 
For the problem in which the cylinder is initially at a uniform 
temperature throughout, and the surface temperature is suddenly 
changed to a new temperature, the boundary conditions are 
6 = 0, t < 0, throughout the cylinder 
6 = &, t > 0, at the surface where u = wu 
A, t+ +0,0 Lu 


For these conditions, the solution becomes 


@ 


n=0 m=1 


uo 
Cean(U, Pon. cosh 2u — du 
x 


0 
ue 
Cern*(U, Pon m) leosh Qu — du 


A dimensionless temperature difference 7 may be expressed as 
follows: 


EXP (— AV mb Pan. Den. m m 


n=Om= 


(5) 


In attempting to use this solution to find numerical values of the 
temperature, it is found that there are three main difficulties in 
the computations. First, there are no published values of Ceo,. 
Second, the zeros pon.» Of Ces, have not been tabulated, and 
third, the denominator of the integral fraction has not been 
evaluated and tabulated. This paper describes the computation 
of these values. <A table of the zeros is included. Although the 
values of Ces, and of the integrals were computed in arriving at 
the solution, they are not included because of space limitations. 


Computation of Mathieu Functions 


As a consequence of assuming a solution to the ordinary and 
modified Mathieu differential equations in the form of an infinite 


series such as > A2,*" cosh 2ru, recurrence relationships may be 
r=0 
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derived which lead to equations for allowable values for the charac- 
teristic numbers, a2,, and ratios of the Fourier coefficients, A2,**, 
With minor modifications in form, which have been made for 
purposes of computation, the following equations have been taken 
from reference [2]: 


a — (2r)? — pw,,’ 


2p 
a — (2r)? — pw,’ 


= 


where 


= ——— 


By using the following normalization: 


it follows from the orthogonality condition that 


1 = 2(Ao™)? + (A2,*")? (10) 


r=1 


Thus given p and n, a characteristic number a2, is found from 
the transcendental equation (6). Using this characteristic value 
and p, the ratios ws, are found by starting, for example, with wy = 
0, and computing ws, Wss. . . . Wo. By dividing equation (10) 
through by (A,")? and rearranging, there follows 


l A.™\? Ag\? 


= 2 + wo? + (we K wo)? + (wy XK we K wo)? +... (AL) 


from which Ao” is evaluated. Equation (9) will then give values 
for the remaining A2,". The values of the functions cez, and 
Ces, are then obtained from the appropriate series. 

The characteristic numbers for céz,(u, p) and Ces,(u, p) are 
the same and have been published in reference [3], together with 
the Fourier coefficients A2," for p = 0(1)10(2)20(4)40 (which 
means intervals of one from zero to ten, intervals of two from ten 
to twenty, and so forth) and certain values of cé2,(u, p). How- 
ever, the values of Ce2,(u, p) have not been published. Whereas 
a maximum of eight terms in the series is sufficient to give a 
value of céz,(u, p) with five significant figures, it requires many 
more terms to find Cés,(u, p) with the same accuracy. [In the 
first instance the cos 2ru terms are bounded by +1, but in the 
second, cosh 2ru—> © asr—» ©. Thus sufficient terms must be 
used so that the product A»,*" cosh 2ru is sufficiently small to give 
the desired accuracy. For p = 20, u 2 1.2, twenty terms must 
be used to obtain five significant figures. This difficulty could 
be partially overcome by using the more quickly converging 
Bessel function product series (p. 244, ref [2]), but because of the 
availability of the computer program, explained later, for both 
ordinary and modified Mathieu functions, this was not done. 

In order to evaluate Mathieu and modified Mathieu functions, 
a computer program was flow charted and coded for the IBM 
Type 650 Magnetic Drum Data Processing Machine, using the 
Wolontis Floating Decimal Interpretive System. This program 
computes characteristic numbers a@2,, the corresponding Fourier 
coefficients A,,*", and adds these coefficients multiplied by the 
appropriate trigonometric or hyperbolic functions for any of the 
eight types of Mathieu functions, and for values of the parameters 
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in the ranges 0 < p < 25,0 < u < 1.0, andn = 0,1,2,3. The 
program gives results of unknown accuracy for parameters out- 
side these ranges. This program has been used as the basic 
program to which additional subroutines have been added and 
modifications made in order to compute the functions and their 
zeros, and to evaluate integrals in the temperature equation (5). 
A complete description of the basic Mathieu function program 
has been prepared and will be published separately. 


Computation of the Zeros of Ce,, 


The method used to find the zeros of Ce2,(u, p) was to compute 

the values of Ce:,(u, p) = cosh 2ru for four values of 
r=0 

u = ue corresponding to the eccentricities chosen, p = 0(1)10(2)20 
andn = 0,1, 2,3. These values served as a framework for further 
work with modified Mathieu functions. By plotting the curves 
of Ce,(u, p) approximate values of the parametric zeros Pen, m 
were found. Using each of these as a trial value for the zero in 
equation (6) a new characteristic value was found, the correspond- 


Table 1 zeros of Ces,(u, pan. m) 


= 
n e=0.6 e=0.7 | e=0.8 e=0.9 e=0.95 
| .66599| 1.045 1.7353 | 3.5979| 7.0778 
| =.21206] - .4938| -1.1990| -3.6882 | -9.10C0 
| | | | 
2 | 3.8216 | 6.3442] 11.3563} 26.0853 | 
40159 | ~769177 | -1642334 | ~42.2125 | 
13 | 9.7767 | 16.4197| 29.8041 | | 
| | 13.5616 | 938 | 48.9463 
| & 18.8716 | 30.5912 | 
=29.3129 | -50.3766 | 
1} 1 | 2.7205 | 349183| 5.6530) 9.0951 | 14.2245 
508056 | 6.7705) 729629 | 5.5930 | 
2 74231 | 11.2695| 18.4868| 37.2306 
| 8.1202 | 7.1610) 244363 | -16.9067 
3 | 14.9550 | 23.7675 | 
§.1087 |= 2.3145 


6.1823 
17.8120 


8.8636 
20.0341 


12.3689 
23.3008 


18.0705 
27.0153 


| 
| 2 | 12.7203 | 18.5035| 28.0992 
| 23.6068 | 27.1742] 27.2597 
3 | 1 | 10.7632 21.8730 
| | 37.8065 | 45.8838 


ing Fourier coefficients evaluated, and a new value of Cez, com- 
puted. By further trials and interpolation, a value was found for 
each ZerO Pon, m, Which is believed to be correct to five significant 
figures and gives a “zero” value of Ce,, < 10~*. Table 1 gives 
the zeros and the corresponding characteristic values in tabular 
form and Fig. 1 shows the zeros graphically. Reference [4] gives 
the zeros of Ceo for eccentricities in the complete range 0 < e < 
1.0. Values from that reference have been compared with the 
authors’ and no discrepancies found. Knowing the values of the 
zeros, the necessary values of Pan, m) Cé2q(V, P2n,m) Were 
computed, where u and » are the elliptical co-ordinates of points 
within an ellipse. 


Ydu = 


O,,,}du was evaluated by computing the value of Y = f(u) at 21 
equally spaced points and using a numerical integration. In 
effect, the area under the curve was divided into twenty strips 
and the average of the two values at the ends of each strip used 
as the mean height in that strip. As an accuracy check, one case 
was computed using 50 strips. It was found that only the fourth 
significant figure was affected. 

It should be noted that, for a given ellipse, the integrals are a 
function only of the zeros po... Thus for each zero, only one 
value of the fraction is obtained, regardless of the location (u, v) 
within the ellipse. 


uo 
The integral f, (U, Pen. m) (cosh 2u — 


1.0 


Eccentricity, e 


20 


5 10 


Parametric Zeros, 


Fig. 1 Zeros pon, of the modified Mathieu function Ce,,(u, p) 


Table 2 Values found in the solution of the temperature equation (5) for the center location and eccentricity 


@ = 0.7 with Fourier moduli of 0.1 and 1.0 
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(1) (2) (3) (4) (5) (6) (7) (8) 

Pon,m F= 0.1] F = 1.0 Ce(u,p) | ce(u,p) | Product of | Product of 
expt-«v't) | expl-av"t) ence) 

1.045 | 0.647 | 0.0129 0.373 | 1.008 4.275 | 1.041 0.0207 

| 0.196 | | 0.865 | ~0.68, 0.655 | -0.076 107° 
6.344 | 0.071 | 3x107*] 0.026 | 1.380 | 19.078] -0.c49 10712 
8.064, | 0.025 | 9x107” 1.175 0.670 0.164 | 0.0032 10717 

11.369 | 0.009 | 3x10] 0.179 | 0.959 | --1.816 | -0.0027 10722 

Dimensionless Temperature Difference 0.922 0.0207 
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Fig. 2,¢ = 0.6,0.7,0.8,and0.9 
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Fig. 2 Co-ordinates of points within the ellipse 
y 


e-09 


Fig. 3 Range of ellipses considered 
1.0 | —y 
tr} 
Plate 
a 
a | 
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Fourier modulus, F=et/b* 


Fig. 4 Central temperature histories of elliptical cylinders of eccen- 
tricity e = 0.6, 0.7, 0.8, and 0.9 
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The temperatures were calculated for Fourier moduli of 0.1, 
0.2, 0.5, and 1.0 for 30 points at the co-ordinate intersections u, v 


with u = 0(0.2 tu)us and v = 0(0.17) ; within the quarter ellipse. 


The numbering of these points is shown in Fig. 2. Values of the 
exponential, Mathieu function and integral fraction in equation 
(5) are given in Table 2 for two cases involving the center location 
of the ellipse with eccentricity e = 0.7. Columns (2) and (3) give 
the exponential terms for Fourier moduli of 0.1 and 1.0, respec- 
tively. For a Fourier modulus of 0.1 the fifth term in the series, 
column (7) is —0.0027 or approximately 0.3 per cent of the sum 
of the first five terms. The value of the sixth term would be 
smaller. Therefore the omission of it and the remaining terms is 
considered to be justified. 

The transient temperatures of the thirty points indicated in 
Fig. 2 are shown in Table 3 for eccentricities 0.6, 0.7, 0.8, and 0.9. 
Fig. 3 shows the range of ellipses considered. The central tem- 
perature histories for elliptical cylinders of various eccentricities 
are shown in Fig. 4. The temperature histories for the plate and 
circular cylinder, which give upper and lower bounds, were taken 
from reference [5]. 


Discussion of Results 


Equation (5) shows that in theory a doubly infinite number of 
zeros is required for the complete solution of the problem. In 
this work, the first five zeros were used in calculating all the 
temperatures. For a given eccentricity, the significance of the 
error caused by neglecting the zeros larger than the fifth will de- 
pend on the time, diffusivity, and cylinder size being considered. 
As illustrated in Table 2 the error caused by neglecting the 
larger zeros increases as the time ¢ decreases. This is to be ex- 
pected, because a similar situafion exists in the analysis of the 
transient temperature distribution in a circular cylinder or a 
doubly infinite plate. In those problems, the classical Bessel 
function or sine and cosine solutions are abandoned when small 
times are being considered and a solution involving the error func- 
tion is used. An additional difficulty in the present problem is 
that, as the eccentricity e —~ 1, s ~ «, and the zeros, pon. » become 
large. This causes practical difficulties in the computations, be- 
cause, as p becomes large, the value of the Mathieu function be- 
comes very small. Thus the range of usefulness for these results 
is for eccentricities 0.6 < e < 0.9 and a Fourier modulus F 2 0.1. 


1 N.W. McLachlan, ‘‘Heat Conduction in Elliptical Cylinder, and 
an Analogous Electromagnetic Problem,”’ Philosophical Magazine, 
vol. 36, 1945, pp. 600-609. 

2 N. W. McLachlan, “Theory and Application of Mathieu 
Functions,”’ Oxford University Press, London, England, 1947, pp. 
28, 29. 

3 E. L. Ince, “Tables of the Elliptic Cylinder Functions,”’ Pro- 
ceedings, Royal Society, Edinburgh, vol. 52, 1932, pp. 355-423. 

4 8. D. Daymond, ‘‘The Principal Frequencies of Vibrating Sys- 
tems With Elliptical Boundaries,” Quarterly Journal of Mechanics and 
Applied Mathematics, vol. 8, no. 3, 1955, pp. 361-372. 

5 P. J. Schneider, ‘‘Conduction Heat Transfer,"’ Addison-Wesley 
Publishing Company, Inc., Cambridge, Mass., 1955, p. 249. 
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DISCUSSION 
G. M. Dusinberre* 


The authors’ Fig. 4 is a useful contribution for the range 
of problems to which it is applicable. But the remainder of 
the paper is rather complicated for practical use, besides being 
limited to the case of a step change in surface tempera- 
ture. The majority of practical problems will involve a non- 
zero resistance between surface and ambient, the coefficient and 
the ambient temperature may not be uniform around the perime- 
ter nor steady in time, and the initial temperature distribution 
may not be uniform. 

As a more useful method, the writer suggests a direct finite dif- 
ference solution for a given problem or series of problems. The 
procedure would be as follows: 


1 Approximate the boundary for a system of secants. A very 
crude layout for one quadrant is shown in Fig. 5(a) of this dis- 
cussion. However, this represents both the area and perimeter 
of this ellipse within 1 per cent. 

2 Set up a network of interior points. 
crude network on a triangular basis. 

3 Assign a heat capacity to each node. As with a rectangular 
or polar network, this is done by drawing orthogonal bisectors to 
the assumed flow paths. This is indicated in the figure. 

4 Choose a time interval and calculate coefficients relating 
each node to the adjacent ones. 

5 Proceed to compute the transient. 


Fig. 5(b) shows a 


For a step change in surface temperature, only points 5, 6, and 
7 need be computed, and the coefficients for the surface points can 
be lumped. As a check against the author’s work, a time in- 
terval was chosen such that aAr/b? = 0.0667. Omitting the 
preliminary calculations for brevity, the coefficients and the cal- 
culation up to at/b? = 0.6 are shown in Table 4 of this discussion. 


The ellipse of Fig. 5 has the major axis double the minor so 
that e = 0.866. If the figures for point 7 (divided by 1000) are 
plotted in Fig. 4 of the paper, it will be seen that the agreement is 
very satisfactory.‘ 

With reference to situations found in practice, the merit of the 
authors’ work lies in demonstrating that a very crude network 
can give accurate results. The merit of the numerical analysis 


‘Department of Mechanical Engineering, The Pennsylvania 
State University, University Park, Pa. Fellow, ASME. 

* Then if nonuniform conditions need to be dealt with, the layout 
in Fig. 5(c) will do for the entire ellipse. 
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Table 4 


5 
0.215 
0.710 
0.033 
0.042 


0.133 
0.533 
0.334 


1000 
108 


0.067 


0.267 


0.400 


0.467 


0.533 


0.600 9 


lies in the ability to handle realistic surface coefficients, varying 
ambient temperatures and nonuniform initial temperature dis- 
tributions. The numerical analysis is also readily extended to 
three dimensions. 


Murray Imber® 


Though the analytical expression for the temperature distri- 
bution in a solid ellipse has been available for a considerable 
time, the numerical calculation of the temperatures has not ap- 
peared in the literature, prior to this paper. 

Difficulties, such as obtaining the parametric zeros, the 
numerical integration of S Yay, ete., has made numerical com- 
putation a laborious and often impossible task. These difficulties 
rapidly increase as the eccentricity e of the ellipse approaches 1. 
This paper illustrates ably the use of high-speed computation de- 
vices, and the work should create considerable interest. 

5 Assistant Professor, Department of Mechanical 


Polytechnic Institute of Brooklyn, Brooklyn, N. Y. 
ASME. 


Engineering, 
Assoc. Mem. 
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6 
0 0.309 
5 0.049 
7 0.245 
ar/b? r/Ar 

0 0 1000 1000 

154 
‘ 59 
33 397 
42 245 
1 893 ~ 1000" 
634 44 119 

28 335 450 

_ 245 334 
0.133 2 704 624 903 
21 248 333 
_ 33 221° 301 
0.200 3 559 503 aye 
397 27 74 
17 200 268 
31 178 243, 
4 445 405 585 
315 22 59 
13 161 216 
0.333 5 354 326 471 
252 17 47 
11 129 174 
6 283 261 378 
201 14 38 
9 104 139 
5A 3 16 126, 
9A — 2 7 226 211 303 
| ff wo | 7 S4 113 
_B 74 101 
8 181 169 4 
(a) (b) 

128 9 24 th 

6 67 90 

10 60 81 
144 136 195 
7 
ak 
Fig. 5 


In closing, the writer would like to ask the authors if any com- 
parison has been made between McLachlan’s analytical expres- 
sions for obtaining large pe,,’s and theirs? The former is a 
rather rapid method for calculation of po... whose accuracy has 
not been examined to date. 

Secondly, the authors do not suggest any interpolating pro- 
cedure for Tables | and 3. Can one obtain the temperature dis- 
tribution for an ellipse of e = 0.87 by use of Tables 1 through 3? 

Thirdly, since there is a considerable question as to the ac- 
curacy of the results obtained for e > 0.9, perhaps another series 
expansion for the Mathieu function, i.e., Tsebitseff expansion, may 
be used rather than the Bessel or Bessel product series. 


Authors’ Closure 
In his usual ingenious way, Professor Dusinberre has shown 
how a rather complicated transient heat conduction problem can 
be solved by numerical methods. In this paper the authors 


wished to show the results of their work with Mathieu functions. 
While it is true that Mathieu functions are rather complicated 
for practical use at the present time, this would not be true if 
the values and characteristics of these functions were as well 
known as the trigonometric functions, Bessel functions, ete. 
Table 1 and Fig. 1 give the zeros of the modified Mathieu 
function 


Tables are being prepared of the zeros of the 
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remaining three functions, and With these 
values tabulated it will be possible to evaluate numerically the 
available analytical solutions of a number of physical problems, 
in addition to that of heat conduction, which involve elliptical 
co-ordinates. 

In answer to Professor Imber’s question, the authors have made 
no comparison between McLachlan’s analytical expression for 
obtaining large values of pe»,, and the values given in this paper, 
since the value of the Mathieu function itself is exceedingly 
small for values of p larger than 40. In fact, the functional 
value would probably be smaller than the criteria for smallness, 
which were used in the computer program, for the zeros in the 
range 0< p<20, except when n>3. 

For interpolation in Tables 1 and 3, it is suggested that graphs 
be drawn to a larger scale than that used in Fig. 1, in order to 
obtain 2 significant figures. If accuracy greater than this is 
required, the authors would be pleased to make available the 
computer program, with which the zeros of Mathieu functions 
can be found to 4 or 5 significant figures in the range 0.6<e<0.95. 
As Professor Imber points out, other series may be more useful 
for e>0.9, and while the authors have not used any series other 
than the trigonometric or hyperbolic series, efforts in that direc- 
tion should be encouraged. 
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G. M. DUSINBERRE 


Department of Mechanical Engineering, 
The Pennsylvania State University, 
University Park, Pa. 

Fellow ASME 


Calculation of Transients in a 
Cross-Flow Heat Exchanger 


This paper shows how transient temperatures in a cross-flow heat exchanger may be 


calculated by numerical methods. 


Digital computer programming is considered. 


A gas-turbine regenerator is used as an example. In particular, methods are developed 
which are useful when the flow rates vary, as in the starting transient. 


=_ months have shown indications of a great 
deal of interest in the prediction of transient phenomena in heat 
exchangers [1, 2]! and other heat-transfer systems (3, 4, 5, 6, 7, 8]. 
Most of the methods proposed involve the use of analog equip- 
ment not usually found in engineering offices, or else the use of ex- 
tremely complicated formulas reached by analysis.? It seems in 
order, then, to point out the application of numerical methods to 
these problems, since the necessary equipment for small-scale 
problems (a desk calculator or even a slide rule) is available in 
every engineering office, and the necessary equipment for a large- 
scale problem (a digital computer) is coming to be available almost 
everywhere. 

As a typical piece of apparatus, we shall consider a single-pass 
cross-flow exchanger for gas-turbine service. Such a design, with 
finned plate surfaces, is described by Kays and London [9], and 
we refer the reader to their book for details beyond what is prac- 
ticable to quote in this paper. The thermal characteristics at 
the design point are given in Table 1. The weight of metal in the 


1 Numbers in brackets designate References at end of paper 

2? Typically, one must obtain numerous roots of a transcendental 
equation, then introduce these as parameters in the general terms of 
one or more infinite series, then introduce a set of space and time co- 
ordinates and solve for a single value of the temperature—using suf- 


core [10] is taken as 7500 lb and the specific heat of the metal is 
assumed to be 0.16 Btu/lb deg. The over-all dimensions of the 
exchanger are shown in Fig. 1. The detailed calculations in re- 
gard to the finned surfaces are given in Appendix 1. 

Gas, metal, and air temperatures are functions of time and of 
the co-ordinates over the nonflow projection of the exchanger; 
thus the problem is two-dimensional in space. 

The first step in attacking the problem is to decide on the loca- 
tion of reference points (or ‘“‘nodes”) at which the temperatures 
are to be calculated. It is possible to choose reference points in 
the metal directly in line with those in the gas streams. The 
formulas appropriate to this scheme are given in Appendix 2. 
For present purposes it is simpler to use the scheme shown in 
Fig. 2. Points 1 and 3 are in the air stream, points 2 and 4 in the 
gas stream, and point A in the metal wall. 

The local heat storage in a gas stream is very small in compari- 
son with that of the wall, and we can use steady-state equations 
in calculating gas and air temperatures. The justification for this 
can be found in earlier papers [11, 12]. Using an arithmetic 


Table 1 Heat exchanger date at design point 
Symbol Item Air side Gas side 


w Flow rate, lb/hr 193,000 196,000 


ficient terms for convergence. 
ture, repeat the last process. 


Contributed by the Heat Transfer Division of THe AMERICAN 
Society oF MECHANICAL ENGINEERS and presented at the ASME- 
AIChE Heat Transfer Conference, Chicago, 


1958. 


Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
Manuscript received at ASME Headquarters, May 6, 


of the Society 


1958. Paper No. 58—HT-5. 


Nomenciature— 


For additional values of the tempera- 


Flow area, ft? 
Mass velocity, lb/hr ft? 


Reynolds number 


Ill., August 18-21, 
ft? deg 


Colburn factor 
Heat-transfer area, ft? 
True surface coefficient, Btu/hr 


Effective surface coefficient 
Prandtl] number 
Stanton number 
Specific heat, Btu/lb deg 


10.0 19.9 
19,300 
4090 
0.0073 
16, 480 


41.6 
35.6 
0.67 
0.00954 
0.251 


area, A, = flow area, / 
heat-transfer area 
subscript referring to air stream 


coefficients in polynomial forms 


fin system function, base area/ 
total area 
= specific heat 
= function of fin goemetry and 
material, Equation (9) 
heat capacity function, Equa- 
tion (17) 
= tube diameter 
2.71828 
phase-change temperature 
= coefficient for the influence of 
one temperature on another 
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modified values of F 


subscript referring to gas stream 
= true surface coefficient of heat 
transfer 
apparent or over-all coefficient 
= surface convection function, 
Equation (2) or (17) 
= conductance function 
thermal conductivity 
length 
subscript referring to metal 
= number of transfer units (for one 
side) 
= Reynolds number 
Stanton number 
radiation function 
= temperature 


MavaSe 


temperature after an interval 


= volume 


convection function 

flow rate 

weight of metal 

wall heat capacity function 
co-ordinates 

half-thickness of fin base 
radiation coefficient 
density 

Stefan-Boltzmann constant 
summation 

time 

finite time interval 

fin efficiency 


= superscript designates value of 


the quantity over the entire 
exchanger 
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Fig. 1 Heat-exchanger dimensions 
4 
Fig. 2 Unit subdivision 
FLOW 


mean-temperature-difference, a heat balance on the air stream 


gives: 
(‘ + ta 
2 


- h'A, = — b)we, (1) 


h'A,, V = we, N = H/V = h’A,/we, (2) 
Then 

= Fast, (3) 
If the coefficient of ¢, is negative, the calculation may not be 
stable. Thus the size of the subdivision must be chosen so that 
N <2 (4) 


A subdivision parallel to the flow direction will change A, and w 
in the same proportion, and thus will not change N. A subdivi- 
sion normal to the flow direction will not affect w but will reduce 
A, and consequently N. 

Practically speaking, it is better to keep N nearer 1 than 2. 
Reasons for this, and discussion of the use of a logarithmic mean- 
temperature-difference are given in Appendix 3. 


L| | ] 
| 
F US 

40 3) 
pls ln S 
| 
2 2 2 
FLOW 


Fig. 3 Subdivision of an exchanger 
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Now looking at the air side of the exchanger as a whole we have: 


35.6 X 16480 
193000 X 0.251 


= 12.10 


Then if we use 12 subdivisions in the direction of air flow, we 
satisfy Equation (4), and VN, = 1.008. 

Equations (2) and (3) apply also on the gas side of the ex- 
changer: 
X 23600 


= <-0.250 ° 


For reasons to be developed later, we choose 8 subdivisions and 
N, = 0.772. 

Then the nonflow projection of the exchanger appears as in 
Fig. 3. Here the entrance corner is shown double size and is in- 
dexed for later use. 

Now we must derive equations for calculating the metal tem- 
peratures. A finite-difference, arithmetic mean-temperature- 
difference heat balance gives: 


it+h 
( +( 


where 


—t,) (5) 


Ww 


H, = Hy = hy’ Ang, W (6) 
Hence 

H,Ar H.Ar + H,Ar a + H,Ar 

ow gw 


= Frat: + Prats + Prats + Pats + Paat, (7) 

For stability, the coefficient of ¢ must be positive, and: 
Ww 
Ar< SH (8) 


This time criterion can be solved for the exchanger as a whole, 
because W and each H are changed in just the same proportion by 
any scheme of subdivision. 


W = 7500 X 0.16 = 1200 Btu/deg 

H, = 35.6 X 16480 = 586000 Btu/hr deg 
H, = 13.3 X 23600 = 314000 Btu/hr deg 
ZH = 900000 

Ar < 1200/900000 = 1/750 hr = 4.8 sec 


It will be convenient to choose Ar as 4 sec or 1/900 hr. We 
are now in a position to set up working equations which would do 
for the investigation of transients near the design point. That is 
to say, transients in which inlet temperatures might vary, but not 
flow rates. In fact, this is about all that is attempted by most of 
the methods described in the literature. 

However, for the apparatus under study, a most important 
transient is that which occurs when the plant is started from a cold 
condition. Here the flow rate varies, with important conse- 
quences. 

A gas-turbine plant has to be “cranked’’ until the rpm and 
flow rate reach suitable values. In this process a moderate tem- 
perature rise occurs. Then fuel is supplied to the combustion 
chamber and the regenerator is hit by a blast of hot gas, some- 
what moderated by its passage through the turbine and duct 
work. The flow rate continues to increase to a point where crank- 
ing is unnecessary, and further to a point where the plant can take 
on its external load. 
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Table 2 Assumed conditions at firing point 


Item Air side 
Reynolds number 


Symbol 
N Re 


Gas side 


j Colburn factor 
w Flow rate 

G Mass velocit 
Nat 
h 


Stanton number 
True sufficient coefficient 
h’ Effective surface coefficient 


In the present attack on this problem we shall neglect certain 
small variations for the sake of simplicity. These are principally 
the temperature dependence of viscosity, specific heat, and con- 
ductivity. Anyone competent to work in the field can assess the 
importance of these and introduce them as necessary. 

Let us assume, for the purposes of this development, that the 
flow rate at the start of firing is one third of the design value. 
Then the Reynolds number will also be close to one third of the 
design value for each fluid stream. Inspection of the test data on 
the finned surfaces [9] gives the second line in Table 2, and caleu- 
lation gives the remainder of that table. 

Now to find the required subdivision. 


18.3 16480 


= 18.65 
64300 0.251 


in 9.2 X 23600 


== = 12.80 
65300 0.259 


For 12 subdivisions in the air flow direction, N, = 1.554, and for 8 
subdivisions in the gas flow direction, N, = 1.600. Thus the 
plan which was conservative for the design condition gives rather 
high values of N for the starting condition. However, we shall 
continue on this basis. 

Applying Equation (8) to the new condition, we see that W is 
unchanged but 2H is smaller for the firing point. This would 
permit a larger Av at the start. But as we would usually want to 
use a single value throughout the calculation, we have to use the 
Ar determined by the design point conditions. As noted before, 
this is independent of the number of subdivisions. 

We have now as constants: 


Ar = 1/900 

2W = 2X 1200 = 2400 
A,,4r/2W = 16480/(2400 x 900) = 1/131.0 
A,,Ar/2W = 23600/(2400 x 900) = 1/91.5 


The caleutation of the coefficients F is shown in Table 3. 

Due to the large variation of these coefficients during the 
transient, accuracy requires the use of some intermediate values. 
One set should be calculated for an intermediate flow rate in the 
same manner as above. Then the functional relation can be ob- 
served and additional values can be interpolated as necessary. 
In a hand caleulation we would shift to a new set of coefficients 


Table 3 Calculation of coefficients 
Symbel Firing point 

554 

.600 

446 

554 

125 

875 

600 

111 

889 

2 
.139 
0.100 
0.522 


Design point 


~ 


= 
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perhaps four or five times in the course of the transient, and the 
same procedure can be used with a digital computer. But with a 
computer of large capacity it is quite possible to put the data in a 
suitable functional form and require the machine to compute its 
own coefficients at each step. This is discussed in Appendix 4. 

In order to illustrate the actual calculation of the transient, 
we need a schedule of gas and air inlet temperatures as a function 
of time. This will depend on fuel scheduling and on the thermo- 
dynamic characteristics of the machinery, and thus is beyond the 
scope of this paper. Therefore we shall simply assume an arbi- 
trary set of initial conditions and an arbitrary schedule of inlet 
temperatures. We shall demonstrate the details of calculation by 
computing temperatures over four time intervals for the six cor- 
ner subdivisions shown enlarged in Fig. 3. 

The initial metal temperatures are: 


Subdivision....... A B Cc 
Temperature 263 277 


220 
The reason for this particular choice is given in Appendix 5. 
The schedule of entering temperatures is: 


12 16 
200 200 
1000 1000 


200 
900 


The calculations are carried out by slide rule and the results are 
shown in Tables 4, 5, and 6. 
The first calculation is, for time zero: 


ts = Fit + Fast, = 0.125 X 200 + 0.875 X 242 
= 25 + 212 = 237 


The values of F and the indexes of the temperatures to which 
they apply are found at the head of Table 4. Temperature ¢, 
at time zero is found in Table 4, and ¢, in Table 6. The products 
25 and 212 are written under point 3 in Table 4, and their sum is 
the desired value of ¢; at time zero. All air and gas temperatures 
are found in the same way. 

Next the metal temperatures are calculated for r/Ar = 1. 


= Fyati + Fsats + Faate + + Pasta 
0.139 X 200 + 0.139 & 237 + 0.100 « 600 
+ 0.100 K 281 + 0.522 XK 242 
= 28 + 33 + 60 + 28 + 126 = 275 


, 


These figures are readily identified in Table 6. When all metal 


Table 4 Air temperatures 


476 


FEBRUARY 1959 / 63 


457 
0.0100 0.0090 
64,300 65,300 
0.01305 0.0127 
21.0 10.0 
18.3 9.2 
Point 1 3 5 7 9 B 
Coeff. 0.125 3 5 1 
Time, 2 30 33 «2 
212 230 242 193 
200 237 260 275 218 235 209 
0.772 2 33 36 2 2 
‘Se 0.992 241 259 272 196 211 185 
1 200 266 292 308 221 239 210 
i 0 670 25 38 43 25 29 25 = 
1 238 281 304 317 204 219 186 
2.772 2 200 306 342 360 229 «248 211 
0.443 2 48 %5O 2 30 2% 
320 353 366 214 232 188 
.6 
13 3 3 200 345 «396 416 239 262 213 
0.272 2% 48 56 2 32 2 
0.145 360 403 420 227 248 192 
es 0. 166 4 200 385 451 MMM 252 280 217 A 
ori 


234 
301 
89 8Y 89 37 39 26 

244 263 276 199 214 188 

1 800 333 352 365 236 253 214 
100 «6100100 43 45 28 

285 308 322 207 222 ~= 189 

2 90 385 408 42: 
111 111 11 

326 «358 37: 

3 1000 +437 469 483 266 288 221 
111 111 53 58 31 

365 409 426 230 252 195 

4 1000 476 ©6537) 310 226 


Table 6 Metal temperatures 


Point A B C D I F 
Coeff. 0.139 1 3 5 1 9 1 
0.139 3 5 7 9 11 13 
0.100 2 2 2 4 6 10 
0.100 4 6 s 10 12 14 
0.522 A B Cc D E F 
Time, r/Ar 


0 


28 x0) 31 23 24 21 
126 137 145 115 124 110 
1 275 296 310 224 241 211 


2 321 347 362 233 250 212 
28 43 48 28 32 28 

43 48 50 32 35 29 

90 90 90 38 41 25 

38 41 42 25 27 22 

167 181 189 121 130 111 

5 366 403 419 244 265 215 


temperatures are calculated, the gas and air temperatures are 
found for r/Ar = 1, and so on. 

If the gas outlet temperatures are of primary interest the caleu- 
lations must be carried out over the entire nonflow area and the 
exit temperatures averaged. Evidently, in the present case, this 
is a job for a digital computer. The programming is fairly 
straightforward and each calculation is merely algebraic; no 
iterative operations are required such as computing Bessel func- 
tions, ete. 

The air and gas exit temperatures may actually be of little in- 
terest, while the metal temperatures are of great importance for 
estimating thermal stresses. Conditions will be most severe in 
this respect at the entrance planes, and it may be that tempera- 
tures distant from these surfaces need not be calculated. This 
would result in a considerable saving in the present case, though 
not so much in the case of a multipass design. 
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H B 
375 
487 


Fig. 4 Temperature distribution at \/r = 4 


By the use of the scheme outlined in Appendix 2, the metal tem- 
peratures at the édges and corners are computed along with the 
rest. With the present scheme they are not, but they can be ob- 
tained by extrapolation. Formulas are given in Appendix 6 and 
some results are shown in Fig. 4. If temperature gradients are 
required, formulas must be used anyhow. For example, under the 
conditions of Fig. 4, the gradient normal to the edge at point G 
is found to be 58.5 deg/in. and the second derivative in this 
direction is 5.42 deg/in?. 

This completes the analysis of the example problem. For com- 
pleteness, Appendix 7 gives some formulas for liquid streams and 
for the condition where axial conduction in the fluid stream or in 
the metal wall become important. 
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APPENDIX 1 
Fin Calculations 


Table 7 shows fin data from reference [9] and fin calculations 
according to the following formulas: 


C = L*/3ky (9) 
= 
h’ = h(l + BCh)/(1 + Ch) 


1/(1 + Ch) (10) 


(11) 


These equations are derived in reference [13]. 


Table 7 Properties of finned surfaces 


Item 

Fin height, ft 
Conductivity, Btu/hr ft deg 
Half-thickness of fin, ft 
L?/3kyo 

Base metal area/total area 


Air side 
0.0104 
12.0 
0.00025 
0.01202 
0.360 


Symbol Gas side 
0.0104 
12.0 
0.00025 
0.01202 
0.244 
Design point 
True surface coefficient 46.1 
0.554 
0.1995 
Effective surface coeflicient 35.6 
Starting point 
21.0 10.0 
0.252 0.1202 
0.091 0.0294 
18.3 9.2 


APPENDIX 2 
An Alternative Scheme of Subdivision 


Fig. 5 shows the subdivision with reference points in the metal 
located in line with those in the gas and air streams. As before, 
the odd numbers refer to points in the air stream, the even num- 
bers to points in the gas stream, and the letters to the metal. A 
finite-difference heat balance at point 5 gives: 


Hit, tp) = V(t ts) (12) 


= Fotp + 


For points such as 7, 3, 11, the same coefficients are used. 


point 9 a heat balance gives: 


N 


(14) 


and these coefficients are also to be used for points such as 13. 
This scheme has the following advantages: 


1 There is no limitation imposed on N such as that of Equa- 
tion (4). But see remarks in Appendix 3. 

2 Metal temperatures are calculated at the edges and corners, 
so that no extrapolation is needed to get this information. How- 


ever, if gradients are required, they must still be computed. 


The disadvantages are as follows: 
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Fig. 5 Alternative subdivision 


1 More points have to be calculated for the same size sub- 
division. But, as noted, this may save extrapolation. 

2 Two sets of coefficients have to be used instead of one. 

3 For the same size subdivision, this scheme is less accurate 
than that outlined in the body of the paper. The reason is this: 
In writing Equation (12), the temperature-change between 1 and 
5 is made to depend only on the metal temperature at D, and not 
at all on that at C. In Equation (1), the corresponding change 
depends on an intermediate metal temperature. In the language 
of finite-difference analysis, a backward difference is not as good as 
a central difference. 

The conclusion is that this scheme should be useful to cut down 
on the number of subdivisions for a quicker calculation when some 
sacrifice of accuracy can be tolerated. In the case of an exchanger 
handling a liquid (see Appendix 4) the larger subdivisions would 
permit a larger time increment as well. 

The type formula for metal temperature becomes: 


Fscts + Fects + Feete 
with Fic = H,/W, ete. 


(15) 


APPENDIX 3 
The Logarithmic Mean-Temperature- Difference 


The question easily arises: Why not use a logarithmic mean- 
temperature-difference in Equation (1)? This would result in the 
formulas Fy; = e~% and F4; = 1 — e~*% in Equation (3). This 
looks very neat and, because it is the solution of a differential 
equation, may be very satisfying. Furthermore, it removes the 
necessity for a stability criterion—apparently we can make our 
subdivisions as large as we please. 

This is somewhat illusory, as in the case of the scheme dis- 
cussed in Appendix 2. In the first place, it is the solution of an 
ordinary differential equation which approximates just a little 
bit of the partial differential equation which approximately repre- 
sents the actual physical situation. 

In the second place, it may not be as good an approximation as 
the arithmetic mean-temperature-difference. This can be seen in 
Fig. 6. The arithmetical calculations proceed as if we replaced 
the actual gradual change of temperature of the air by a stepped 
distribution as in Fig. 6(a). We also approximate the metal 
temperature by a step through A. As far as arithmetic goes, Fig. 
6(b) also represents the air temperature. The use of a logarithmic 
mean represents the air temperature as following a curved path, 
Fig. 6(c). This certainly looks better, and it is better, provided 
the step A really represents the metal temperature. But the 
metal temperature gradient (in the flow direction) tends to 
parallel the air temperature gradient in this apparatus, and the 
situation may approach that shown in Fig. 6(d and e). In this 
case the arithmetic mean would be exactly right and the logarith- 
mic mean more or less in error. 

In any case, the most practical thing to do is to use such a sub- 
division that there is not much difference what kind of mean is 
used. When N < 1, this condition will be met. 
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Fig. 6 Possible temperature gradients 


A similar situation arises in connection with the criterion for 
the time subdivision. Kosko [6], in dealing with a scheme like 
that represented by Equation (15), but with only one ambient re- 
gion, would use Fee = exp(—H,/W). This is the same as using 
a logarithmic mean in respect to time. This was all right, since 
his ambient temperature was not changing rapidly in time. But in 
the case of a heat-exchanger the arithmetic mean would be 
preferable. 

It is interesting to note that, a century and a half ago, scientists 
were questioning the validity of approximating a summation by 
an integration. Now it is the other way around. People question 
the validity of approximating a summation by anything but an 
integration (say, by another summation.) Nature réally deals in 
summations. Schroedinger says, “The observed facts (about 
particles and light and all sorts of radiation and their mutual in- 
teraction) appear to be repugnant to the classical ideal of a con- 
tinuous description in space and time.” 


APPENDIX 4 
Running Calculation of Coefficients 


If we wish to require a digital computer to calculate the co- 
efficients at every step, we are in effect solving a nonlinear partial 
differential equation. In this case, as indicated in earlier work 
[14], it is better to revise the procedure. For greater generality 
than Equation (5), we write an equation for a region 1 exchanging 
heat by conduction with region 2, by radiation with region 3, and 
by surface convection with region 4. 


ka Ayn 


(tg — + + 460)* — (4, + 460)*] 


UiPrl 


+ hy Ault -t) = (t’ t;) (16) 


This can be written: 
t,) + Rts, ti) + H(t, 4,w) = Ch, — (17) 
whence: 
K(t, tb) + Rib, bh) + Alt, th, w 
4 ay ti) + AG, by, w) (18) 
C(t, f) 


If K, R, H, and C are put in algebraic form, then the machine is 
not required to carry out any iterative routines. All calculations 
are explicit. 

As to the K term, k is usually no worse than linear in ¢ and ky 
=a-+ b(t, + t,)/2. 
As to the & term, ¢s; is supposed to include emissivity and 
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geometrical factors. If the relation is known, this can be written 
as an algebraic function of the temperatures. 

As to the H term, the temperature dependence of h may be in- 
troduced; this was ignored in our example. However, h is going 
to be a strong function of the flow rate w and this has to be in- 
troduced from outside as a function of time. A simple algebraic 
form which will cover a fair range ish = a + bw + c/w. 

As to the C term, Ar must be chosen to cover the whole range of 
the investigation, as noted in the body of the paper. The tem- 
perature dependence of c, can usually be handled by a linear alge- 
braic form. A novel feature here is the introduction of f. If a 
phase change occurs at temperature f, the latent heat can be 
handled by the use of the form ¢c = a + 1/[b + c(t —f)?]. The 
justification for this, and the method of calculating the constants, 
will be given in a future paper. 

Of course there may be several terms of any given type. Also, 
some types would not normally occur in a heat exchanger, but are 
included for generality. 

In the case of a point in a fluid stream another term must be 
added to the left-hand side of Equations (16) and (17). This is 
we,(ts — 4) = Vits, i, w), where é; refers to an upstream point. 
This is a convection process; though the expression is awkward 
it may be called “body” convection to distinguish it from the 
“surface” convection term H. 

This scheme is not well adapted to the steady-state equations 
for air and gas streams. 


APPENDIX 5 
Steady-State Calculations 


The initial metal temperatures in Table 6 are not entirely arbi- 
trary; they represent steady-state conditions resulting from ¢, = 
200 and t, = 300. The method of calculation was indicated in 
earlier work [15] but was not demonstrated there, so it will be 
given here. 

In the steady state the metal temperatures are given by 
Equation (5) with the right-hand term set equal to zero. Thus: 


H, H, H, H, 


= + F'sala + F'oate + (19) 


We use the symbol F’ to distinguish from the F used in the 
transient calculation. It is easy to show also that = F),/(2F 
Faa), etc. 

The equations for the air and gas are already in the steady-state 
form. We repeat them here with the Ff’ symbols for consistency: 


ts = F'yati + F' asta (20) 


ly F' + gata (21) 


Equations similar to these have been used [14] in a relaxation 
procedure to find the temperature distribution in a counterflow 
exchanger. But for the cross-flow exchanger an explicit proce- 
dure is available. 

If we substitute Equations (20) and (21) in (19) we can obtain: 

ta = + (22) 


It is easier to perform the operation than to write out the F” in 
terms of the F’. Similarly, by substituting Equation (22) in 
(20) and (21) we get: 


ty = + (24) 


With these equations we can calculate the steady-state tempera- 
tures from point to point throughout the exchanger. 
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This procedure has been used in iterative fashion to predict the 
performance of rotary exchangers [16, 17]. 


APPENDIX 6 
Extrapolation and Gradient Formulas 


Consider the points H, A, B, and C in Fig. 4, and take AH as 
unit distance. If the temperature distribution can be represented 
by a quadratic equation: 


t=a-+t br + cz* 
then: 
ty =a 
ta a+b+e 


tp = a + 3b + 9c 

tc = a + 5b + 25c 
Solving: ta = 1.875t, — 1.25tp + 0.375tc¢ 
Applying this to the data in Fig. 4: 

ty = 1.875 X 411 — 1.25 XK 460 + 0.375 XK 480 


770 — 575 + 180 = 375 


If we wish to assume a third-degree relation and_.if J represents 
the next point beyond C, then: 


ty = 35/16t, - 35/16tp + 21/16tce — 5/16t; (26) 
For the corner point, assume: 
t=a+ br + cy + dz* + ey? + fry 
Then: 
tr = 3t, — 1.5t—p — 1.5tp + 0.375tc + 0.375tp + 0.25tg (27) 
For the methods of derivation of the following equations the 
reader is referred to texts on numerical analysis such as those of 
Salvadori and Baron [18], of Shaw [19], and of Southwell [20]. 
ot 
Ay —t,s + 1.5tp O.5tp (28) 
oy 


(29) 


(Ay)? <4 = 0.25t, —_ 0.50tp + 0.25tp 
oy? 


Substituting Ay = 2.25 in. gives the values stated in the body of 
the paper. 
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APPENDIX 7 
Formulas for Liquid Streams 


When a liquid is flowing on one side of an exchanger, the heat 
capacity of the volume of fluid within the exchanger may not be 
negligible in comparison with the heat capacity of the metal. In 
other words, the “‘lag’’ of fluid temperatures may not be negligible 
in comparison with the Ar imposed by metal conditions. In this 
case the steady-state approximation, Equation (1), will not be 
valid. Then we have to write: 


2 Ar 


V—H/2)A 
Jar 


V+H/2 
+(1-! (31) 


N=H/V<2 
Ar < C/(V + H/2) 


(32) 
(33) 


Equation (32) is the same as Equation (4). The limitation im- 
posed by Equation (33) must be compared with that of Equation 
(8) [and with Equation (33) for the other fluid stream if that is 
also a liquid) and the minimum Ar is used for the whole system. 
The calculation for a liquid stream will run like Table 6 instead of 
Table 4 or 5. It may be noted that Equation (33) requires Ar to 
be considerably less than the “‘dweil time’’ which is calculated in 
other analyses. 

If axial conduction in the liquid is important [2], the appro- 
priate K terms are introduced in Equation (30), with correspond- 
ing changes in (32) and (33). If axial conduction in the wall is 
important, the K terms are introduced in Equation (7). 


APPENDIX 8 
Use of the Stanton Number 


In the example problem the situation is complicated by the 
need for taking in account the fin efficiency. In a system with- 
out extended surface the following simplification is available: 

hA, 


V we 


= = WN at = 
GA Ge, A A 


For flow inside cylindrical tubes this becomes: 


N = Ng, 4L/D 
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of free and forced convection. 
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W. B. HARRISON’ 
W. C. BOTELER* 


Introduction 


* purpose of the studies reported here was to de- 
termine whether or not acoustic vibrations imposed on a gaseous 
heat-transfer medium have an appreciable effect on heat-transfer 
The experiment was conceived as a preliminary explora- 
tion, the results of which would suggest the direction for addi- 
tional studies of the basic mechanism. 

Few references in the literature were helpful in developing the 
concept of superposing the effects of acoustic vibrations on those 
However, experimental efforts by 

' The experimental work which formed the basis for this work was 
done under sponsorship of the National Advisory Committee for 
Aeronautics, Washington, D. C. 

2 Research Professor of Mechanical Engineering, Georgia Institute 
of Technology, Atlanta, Ga. 

* Professor of Mechanical Engineering, Georgia Institute of Tech- 
nology, Atlanta, Ga. 

‘Research Engineer, Engineering Experiment Station, Georgia 
Institute of Technology, Atlanta, Ga. 
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Free Convection, Forced Convection, 
and Acoustic Vibrations in a Constant 
Temperature Vertical Tube 


Experimental studies of heat transfer to air with superposed forced and free convec- 
tion were reported in a previous paper |1}.5 In studies reported in this paper, the same 
experimental system was employed, but a complication was added in the form of acoustic 
vibrations in the flow field. By comparison of the results with and without acous 
tic vibrations under conditions which were otherwise the same, an effort has been made 
to determine the effect of acoustic vibrations on heat transfer. The Nusselt modulus, based 
on the log mean temperature difference, ranged from 17.2 to 50.6; the Graetz modulus, 
based on the bulk or average temperature of the air, ranged from 40.2 to 1633; and the 
Grashof-Prandtl D/L modulus, based on properties of air at the wall temperature. 
ranged from 0.967 10% to 1.26 10°. 

The results indicated that sound pressure levels below approximately 118 decibels had 
little effect on the heat-transfer coefficient. Below 118 decibels free convection forces were 
evident. Above 118 decibels free convection forces were apparently negligible and tie 
effect of sound appeared to be considerable. 


Kubanski [2, 3, 4] are interesting. He studied [2] the influence 
of standing sound waves on heat transfer by natural convection 
from a heated horizontal tube. His results showed that the 
natural convection heat-transfer coefficients were increased by a 
factor of two or more as a result of the vibrations. !n a simul- 
taneous optical study of the flow field, he deduced that cold air 
from the environment was directed to the vicinity of the tube 
wall at the antinodes of the standing wave and flowed parallel to 
the tube toward the nodes. At the nodes, the fluid met another 
stream moving in the opposite direction and was diverted normal 
to the tube wall. This type of flow is indicated in Fig. 1(a). 


* Numbers in brackets designate References at end of paper. 

Contributed by the Heat Transfer Division of THe AMERICAN 
Society or MecHanicaL ENGINEERS and presented at the ASME- 
AIChE Heat Transfer Conference, Chicago, Ill., August 18-21, 
1958. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, May 5, 
1958. Paper No. 58—HT-6. 


Nomenclature 


Graetz, (We,)/(kL), dimension- 
less 

Grashof, [gD°8(T’ — t))/v?, di- 
mensionless 

Nusselt, (hD)/k, dimensionless 

Prandtl, (c,u)/k, dimensionless 

Reynolds, (VD)/v, dimensionless 

diameter of tube, ft 

total length of tube, ft 

sound pressure, lb/ft? 

sound pressure level, decibels 
relative to 10~"* watts/cm? 

wall temperature, deg F 

mean velocity, ft/sec 

mass flow rate, lb/hr 


1959 


c, = heat capacity at constant pres- \ = sound wave length, ft 
sure, Btu/lb deg F p = density, lb/ft* 
J = frequency, cycles per sec A = difference (i.e., At is temperature 
g = gravitational acceleration, ft/sec? difference) 
g. = gravitational dimensional con- 
stant Subscripts 
h = cg coefficient, Btu/hr = on “bulk” fluid temperature 
k = thermal conductivity, Btu/hr ft Im = based on logarithmic mean tem- 
deg F : perature difference 
t = fluid temperature, deg F L = condition at distance L from en- 
x = distance from entrance, ft trance 
8 = coefficient of volumetric expan- 0 = condition at entrance 
sion, deg F- w = based on wall temperature 
uw = dynamic viscosity, lb/ft hr x = condition at distance x from en- 
kinematic viscosity, ft?/sec trance 
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Fig. 1(a) Schematic diagram of flow cells around a horizontal heated 
tube in a standing acoustic wave parallel to the tube axis 


Kubanski [2, 3] predicted that the Nusselt modulus for his ex- 
P. 

where P is the 

He found that the equa- 


perimental system should be a function of 


sound pressure and A is wave length. 
tion which fitted the data was 
2P9. 


| 15 
B(T — tr 

Kubanski also discussed heat-transfer data for air flowing 
normal to a cylinder in crossflow and in an acoustic field [4]. 


He correlated the data with Nusselt modulus as a function of 
> 


= and noticed that there was a break in the curve of log Nusselt 


Nu = 10 


P9. 
modulus versus log ov? when the average value of the vibrational 
p 


velocity in the acoustical field approached the velocity of the 
stream. This break was attributed to transition of the acoustical 
flow to a turbulent character. It is interesting to note that, for 
forced convection, Kubanski did not include a frequency term in 
his correlation. 

Andrade [5] showed that acoustic flow within a horizontal tube 
is as indicated in Fig. 1(6). 

In the concept of the present experiments, it was planned that 
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Fig. 1(b) Schematic diagram of flow cells in a horizontal tube with 
standing acoustic waves parallel to the tube axis 


heat-transfer measurements would be made in a system with and 
without acoustic vibrations, all other conditions remaining the 
same. The data for the experiments without acoustic vibrations 
have already been reported [1]. In those experiments, the flow 
field consisted of superposed free and forced convection and the 
data were correlated by the following equation: 


Nuim = 1.128 


RePr — 
€ 


) 

z/b 

+ (s.02 (cers Pr) (1) 
L 


All symbols and abbreviations are defined in the Nomenclature. 
The agreement of the experimental data with Equation (1) is 
shown in Fig. 2. It is interesting to note that, for the experimental 
system of reference [1], the equation Nu = 1.27 (Gz)'/* gave good 
agreement for runs not influenced by free convection. This 
equation is for foreed convection with a uniform velocity profile. 


0 


Description of Apparatus 


The experimental system is shown schematically in Fig. 3. The 
test section, which consisted of a five-foot long by four-inch OD 
brass tube with a one-eighth-inch thick wall, was surrounded by 
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Fig. 2 Comparison of experimental data with equation (1) 
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an eight-inch standard pipe to form an annular space. Steam was 
admitted to the annular space and condensed on the outer surface 
of the brass tube. The condensate was collected around the 
periphery in ten collector cups equally spaced along the length of 
the tube. 

Condensate from each collector was passed through the bottom 
flange of the assembly to a transfer cup which overflowed into a 
burette. The transfer tube, which was rubber, was filled with 
condensate to provide a liquid seal from the steam space to the 
outside air. Wicks were provided in the collectors and transfer 
cups in an effort to maintain continuous drainage of the con- 
densate. 

Saturated steam was supplied to the system at a pressure of ap- 
proximately six inches of water by a small gas-fired boiler equipped 
with automatic controls for continuous operation. This pressure 
was measured by a water-filled U-tube manometer. Atmospheric 
pressure was determined with an aneroid barometer and the 
steam temperature was determined from a table of properties 
of steam [6]. 

Tube wall temperatures were measured at midpoints between 
each pair of condensate collectors by means of No. 24 B&S gage 
copper-constantan thermocouples soldered on the outside tube 
surface. 

A centrifugal fan forced ambient air through a positive displace- 
ment-type gas meter into an inlet plenum chamber. From the 
inlet plenum chamber, the air flowed vertically upward through 
the test section and out of the system through a mixing chamber. 
Air flow rate was controlled primarily by adjustment of the volt- 
age supplied to the fan motor through a variable transformer. 
Air temperatures were measured at the inlet to the fan, at the 
entrance to the test section, and at the outlet from the test section. 
The temperature of the air at the fan inlet was measured with a 
mercury-in-glass thermometer. The temperatures of the air at 
the entrance and exit of the test section were measured with No. 
30 B&S gage iron-constantan thermocouples located in the air 
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Fig. 3 Schematic drawing of experimental apparatus 
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stream. The air at the entrance to the test section appeared to be 
fairly well mixed and no special mixing devices were employed. 
At the outlet, however, a baffled box was provided to insure good 
mixing prior to the temperature measurement. The gage pres- 
sure of the air in the plenum chamber was measured by means of 
a U-tube manometer filled with water. Properties of air for the 
conditions of the experiments were taken from gas tables {7 |. 

The equipment was first used in obtaining heat-transfer data 
without acoustic vibrations [1]. In an effort to study the effects 
of acoustic vibrations on heat transfer to air, standing sound 
waves were imposed on the flow at various frequencies and 
sound pressure levels. 

The sound generating and measuring equipment is indicated 
schematically in Fig. 4. An audio oscillator supplied a signal of 
adjustable frequency. This signal was amplified by a conven- 
tional audio amplifier to energize a speaker driver equipped with 
an exponential horn which was twelve inches long. The power 
input to the speaker driver was measured by an audio wattmeter. 
A resistor was wired in series with the speaker driver so as to per- 
mit the use of an oscilloscope for observing the tuning operation. 
When the air column was resonant, the driver was essentially a 
pure resistance and the current through it was in phase with the 
current through the resistor. This phase relationship showed up 
clearly on the oscilloscope at any resonant frequency. Simul- 
taneous indication of resonance was given by a maximum reading 
on a General Radio Type 759 sound level meter located beside the 
speaker driver in the inlet plenum chamber. The optimum posi- 
tion of the driver and horn was found by raising and lowering the 
horn at a given frequency and power input until the position of 
maximum sound level was reached. The optimum position is 
actually a function of frequency, which influences the extent of 
acoustic coupling between the air in the exponential horn and the 
air in the tube. For purposes of the present work, the optimum 
position was found for a frequency near the middle of the range 
studied, and the driver was left at that same position for the en- 
tire series of runs. It was considered more important to keep the 
geometry constant for the system than to maintain the acoustic 
coupling at a maximum for each run. The deviations in coupling 
were accommodated by adjustments in power supplied to the 
driver, so that leaving the driver in one place was not a serious 
limitation in the experimental procedure. 

In all of the tests reported here, the apparatus was allowed to 
run for at least thirty minutes in order to reach thermal equi- 
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Fig. 4 Sound generating and measuring system 
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librium before any data were recorded. The data taken for each 
run were as follows: 


1 The water levels in the ten burettes were read and re- 
corded. This gar. the amount of heat transferred in each seg- 
ment of length. 

2 The inlet and outlet air temperatures were read and re- 
corded. 

3 The air flow was measured several times during a run 
by observing the time for 50 cubic feet to flow through the dry gas 
meter. 

4 The barometric pressure, dry bulb temperature, wet bulb 
temperature, and steam pressure were recorded. 

5 The resonant frequency, power input to the speaker, and 
the sound pressure level were recorded. 

A typical test run took one hour or more. 


Experimental Results and Discussion 


The complexity of the forces involved in the experimental sys- 
tem (free convection, forced convection, acoustic cells, and 


46 


acoustic effects on obstructions in the flow—the horn) precludes, 
at this time, a simple analysis and understanding of the heat- 
transfer phenomenon. Consequently, the data were screened to 
eliminate or hold constant certain variables. At a frequency of 
520 cps and a Graetz modulus of approximately 80, six runs were 
available. By analyzing the data for various tube lengths 6, 12, 
18 in., and so forth, ten heat-transfer coefficients were available 
for each run. The sixty experimental points obtained for the 
runs of constant frequency and constant Graetz modulus are 
plotted in Fig. 5. Run No. 24 is apparently misplaced on the 
graph. This may be due, as can be seen from the table of data, to 
the fact that this run had a poor heat balance. 

The dotted line on Fig. 5 is calculated from Equation (1), 
which is for superposed free and forced convection. The dashed 
line is the equation for forced convection with a uniform velocity 
profile, but without superposed free convection. For runs with 
sound pressure levels above approximately 118 decibels the 
shapes of the curves more closely approximate that for the uni- 
form velocity profile without free convection. This may mean 
that sound, by introducing acoustic circulation, destroys the free 
convection effects. 


NOTE: REYNOLDS NUMBER FOR ALL 
RUNS ~ 2300. 
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Below 118 decibels sound apparently has little effect on the 
heat transfer and Equation (1) may be used to determine the heat- 
transfer coefficient. 

Examination of Fig. 5 indicates that, for a length of 6 in., the 
acoustic vibration has little or no effect. For positions 12 in. and 
longer the increase in the heat-transfer coefficient may be appre- 
ciable. 

If the Nusselt moduli for runs Nos. 36, 9, 35, 32, and 34 (see 
Fig. 5) are plotted for lengths of 30 and 60 in. against sound pres- 
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sure level in decibels, then the transitional effect just discussed 
is apparent at approximately 118 decibels. See Figs. 6(a end 5). 
It is interesting to note that, below 118 decibels, Equation (1) 
represents the data within 6 per cent. 

In the Appendix, by using a dimensionless relationship sug- 
gested by Kubanski for forced flow, it was possible to develop an 
equation for the data. The equation is 


SPL 


(2) 


Nu = 2.52 V G2, 
and is valid within +25 per cent for sound pressure levels above 
118 decibels. 

Using all the sound data for positions 30, 36, 42 in., and so on, 
to 60 in. and plotting 


Nu(Re)** 
V/Gz, 


against sound pressure level gives the results shown in Fig. 74 
The two plotted points for each sound pressure level are the 
bounds for six data points. Therefore the data in Fig. 7 repre- 
sent 102 experimental points. 

In utilizing Kubanski’s relation [4] for developing Equation 
(2), frequency was not considered. If frequency is considered, a 
trial-and-error process gives the following equation for the data: 


SPL 
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Nu = 5.7 V Gz, 
This equation is valid within +16 per cent if the data for a fre- 
quency of 125 cps are eliminated. Elimination of the 125 cps 
data may be logical because only two acoustic cells are set up in 
the 5-ft tube length for this frequency. These cells would be 
slightly longer than the tube due to the acoustic entrance and 
exit corrections. The overlapping may hinder the acoustic 
flow. 

Using all the sound data for positions 30, 36, 42 in., and so on, 
to 60 in. and plotting 
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Table 1 Summary of results with acoustic vibrations 
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Fig. 8 Effect of sound pressure level on heat-transfer coefficient 


against sound pressure level gives the results shown in Fig. 8. 
Again the two plotted points for each sound pressure level are the 
bounds for six data points. Therefore the data in Fig. 8 represent 
102 experimental points. 


Conclusions 


A system of superposed free convection, forced convection, and 
acoustic vibrations has been examined. Two different equations 
are presented for correlating the data above 118 decibels. One 
equation does not include a frequency term and it represents all 
the data within +25 per cent. The other equation which in- 
corporates a frequency term represents all the data, except the 
125 eps values, within +16 per cent. At a sound pressure level 
above 118 decibels the free convective forces influenced the heat- 
transfer coefficient only slightly. At sound pressure levels below 
118 decibels, acoustic forces are not appreciable and the equation 
for superposed free and forced convection [1] may be used. 

Frequency may or may not have an effect on the heat-transfer 
coefficient. The paucity of data makes it impossible to arrive at 
a conclusion on the effect of frequency. 

More experimental work on the effects of acoustic forces on 
heat transfer is indicated. 
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APPENDIX 


Development of Equation (2) 
From Kubanski [4] 


I 
Nu is a function of ( 
p 


where P is the sound pressure. P can be related to sound pressure 


level as follows: 
P 
= logio = 0.434 log, Pp, 


where P, is a reference pressure. 
Therefore Nu is a function of 
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From the experimental data, the Reynolds number exponent ap- 
pears to be 1/4. 

If, for sound pressure levels above approximately 118 decibels, 
the ordinary forced convection equation for a uniform velocity 
profile in a tube is multiplied by 
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the following equation is obtained 
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By using an exponent of 1/8 for the term in brackets, the expo- 
nent of Reynolds modulus becomes 1/4 to satisfy the experi- 
mental data. 

From Fig. 7, by drawing a curve through the experimental 
points, A was determined to be 2.52. The equation is, therefore 


Nu = 252] —— | VGz. (2) 


In Equation (2) no attempt was made to incorporate the ve- 
locity of sound as it appears in the sound pressure term. For pur- 
poses of this work the velocity of sound was considered to be a 
constant. 


Development of Equation (3) 


Equation (3) was obtained by trial and error. It incorporates 
a frequency term and, therefore, is not dimensionless. 


SPL 


Nu = 5.7 — 
/* 


VGz, (3) 


Various exponents of f were tried. The value 1/8 gave the best 
agreement if the experimental data for the 125 cps run were 
ignored. 


DISCUSSION 
Frank Kreith® 


This paper contributes valuable experimental data on the 
effect of vibration on heat transfer by convection. The phe- 
nomena associated with vibration of the heat-transfer medium 
or the heat transfer surface on the convection mechanism 
are exceedingly complex and our understanding of these phe- 
nomena is quite incomplete at this time. Before one can hope to 
arrive at an adequate physical model which can eventually lead 
to a generalized theory of the effect of vibration on heat transfer 
by convection, the parameters affecting the mechanism must be 
known. The following remarks do not give an answer, but may 
raise some questions which may be of aid in subsequent invest iga- 
tions. 

An attempt to analyze heat transfer by convection as a wave 
phenomenon has recently been made by Y. P. Chang [8].7_ He 
postulated that adjacent to a heating surface there exists a 
boundary layer inside of which there occurs wave motion. A 
simple analysis showed that for free convection from a horizontal 
surface the frequency of the wave is inversely proportional to the 
square of its amplitude and that the heat-transfer coefficient is 
proportional to the square root of the frequency. Experiments by 
R. Lemlich [9] on the effect of vibration of the heat-transfer sur- 
face in natural convection heat transfer to air agree qualitatively 
with Chang's analysis. Increasing the vibration frequency of a 
0.0396-inch wire from 62 to 103 cycles per second approximately 
doubled the heat-transfer coefficient at a temperature differential 
of 10 F. The qualitative difference between the experimental 
results and Chang's analysis do not necessarily mean that the 
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analysis is unsound because the frequency of the heat transfer 
surface may not be the same as the frequency of the boundary 
layer waves which also depends on the temperature potential 
and the geometry. 

Experimental results on the effect of vibration on heat transfer 
to air by forced convection from a wire are also available [10]. 
Over a frequency range of 75 to 120 eps and an amplitude range of 
3 to 20 mm the heat-transfer coefficient was also found to increase 
with frequency but the proportional increase was dependent on 
the air velocity. 

Some preliminary experiments on the effect of ultrasonic vibra- 
tions on heat transfer by free convection from a wire to water 
conducted by Mr. V. Viscomi and the author also showed in- 
creases in the heat-transfer coefficient as a result of the vibration. 
In these experiments the waves were introduced by ultrasonic 
vibrators into the water and the motion of the wire, if any, was 
caused by the waves propagated in the liquid. 

In contrast to the experimental results just cited the data 
presented in this paper indicate [see Equation (3)] that an in- 
crease in frequency causes a decrease in the heat-transfer co- 
efficient. In an effort to explain this anomaly, it does not seem 
unreasonable to suggest that actually different types of phe- 
nomena may be involved. In the present paper, as well as in 
Kubanski’s work, it appears that the wave motion may be a 
resonance phenomenen controlled primarily by the over-all 
geometry of the system and may therefore affect the mechanics 
of the boundary-layer waves only indirectly by virtue of its effect 
on the flow far away from the boundary. One would therefore 
look for an explanation rather in terms of macroscopic flow phe- 
nomena, whereas in some other cases the vibration may affect 
the microscopic motion of the boundary layer directly. An answer 
to this question may aid considerably in efforts to prevent failures 
of rocket motors due to sudden increases in the heat-transfer rate 
which are accompanied by severe screeching noise and high-fre- 
quency oscillations as may occur as the result of combustion in- 
stabilities or resonance phenomena. 
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Authors’ Closure 


The authors wish to thank Professor Kreith for his comments. 
He is quite right when he states that the resonance phenomenon 
may have been controlled by the over-all geometry of the system 
and, therefore, may have only indirectly influenced the heat- 
transfer mechanism. Because the sound-level microphone was 
located in the entrance plenum chamber and not in the tube, 
a word of caution is necessary regarding the conclusions reached 
in the paper. For instance, the 118-decibel level, which was 
quoted as being the value above which free convection forces 
appeared to be negligible, is only a relative value. In some 
new work we are undertaking on a horizontal system an attempt 
will be made to get sound-level readings at various positions in 
the heat-transfer tube. Also we expect to explore the frequency 
effect in much more detail than was done in the work reported 
herein. 

If the subject paper influences others to engage in research 
on the heat-transfer effects of acoustic or other types of vibra- 
tions, the authors will be well pleased. 
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W. E. HAMMOND! 


Prepared for the 
Technical Committee on 
Gas Turbine Heat Transfer 


A GREAT AMOUNT of research and development 
work done in the gas-turbine and rotary-regenerator field 
has been done in the past ten years. From the standpoint of 
regenerator performance and gas-turbine plant design, the 
early efforts of Ritz [1]* are outstanding. 
category include Ritz and Hafer [1] and [2]. 


Papers in a general 


Seal Leakage 


Considerable research on seal leakage in the rotary regenerator 
and its effect on the efficiency and operation of the gas turbine 
has been carried on by D. B. Harper [3], [4], and [5]. 

The first Harper reference [3] covers those aspects of the 
rotary-regenerator gas-turbine cycle combination that have 
not yet received treatment. The space requirements of heat- 
exchangers for gas-turbine cycles are discussed and an analysis 
is made to illustrate the size advantage of the rotary regenerator. 
An analysis for rotary-regenerator leakage is presented and the 
verifying results of experimental tests of a simulated sealing 
situation are included. The effect of leakage on the calculated 
regenerator effectiveness is analyzed. 

The optimum efficiency conditions of the gas-turbine cycle 
including leakage and pressure loss are studied; and a sample 
regenerator design for a specific gas-turbine plant is carried as 
far as the presentation of design-point curves for sizing the 
rotary regenerator. A method of reducing leakage is presented 
and the results of experimental verification are shown. Con- 
clusions are drawn regarding the best general configuration of 
the rotary regenerator with respect to the leakage problem. 

In the second Harper reference [4], the rotary regenerator 
has been analyzed in detail with respect to its application in a 

as-turbine cycle. This has shown that, even though a definite 
small leakage between high and low-pressure sides must exist, 
it will not detract from the size advantages of this type of heat 
exchanger. 

An analysis and experimental investigation of seal leakage 
in the rotary regenerator has been described. The theoretical 
results are quite adequate for seal-design purposes. The method 
of reducing the displacement loss by cross-connected, ported 
seal shoes is shown and gives considerable promise. 

A rotary regenerator has been sized for a specific gas-turbine- 
plant requirement. 
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leakage rate are shown by design-point curves. A suggested 
plant layout is presented to enable visualization of the space 
requirements of the rotary regenerator. 

The stated purpose of Reference [5], Harper and Rohsenow, 
is to investigate the effect on leakage and pressure drop in a 
rotary regenerator on gas-turbine plant performance, and to 
illustrate the effect of the regenerator dimensions, length, cross- 
section area, and rotating speed on the regenerator and plant per- 
formance. A theoretical analysis of each of these features has 
been included. 

In the field pertaining to the over-all design and application of 
the rotary regenerator to the gas-turbine cycle, Chao [6] de- 
scribes the design features and performance of a prototype unit 
for automotive use. 


Heat-Transfer Matrices 


Other authors describe and/or present experimental data 
pertaining to types and arrangements of heat-transfer matrices. 
Some of these are included in References [6 }—-{15}. 

Chao [6] deals with a prototype rotary regenerator of ‘‘un- 
balanced’? design which has been engineered and tested at the 
Scientific Laboratory of the Ford Motor Company as a part of 
the Automobile Gas Turbine Program. The unit attained an 
efficiency of 83 per cent at the idling engine operation and a 
gas-side pressure drop of 0.9 psi at maximum power. The 
construction of the regenerator, test facilities, and the per- 
formance details, such as efficiency, heat transfer, pressure 
drop, air loss, and matrix temperature distribution are discussed. 

The problem of regenerator transient behavior is investigated 
and a method of solution is given. The basic methods of cal- 
culation and consideration, pertaining to the preliminary design 
of rotary regenerators, are summarized. 

Miles, Parker, and Smoot {7] investigated the practicability of 
regenerative heat exchangers for use with gas turbine power 
packages. By analysis, the design, construction, and testing of 
such a heat exchanger is developed. 

Bowden and Hryniszak [8] describe and discuss the effect 
of the application of a rotary regenerator to gas turbines. Some 
rough comparisons are made between recuperative and regenera- 
tive-type heat exchangers. Various types of matrices and their 
performance, together with their influence on rotor design, are 
discussed. Seal design and operation for several conditions 
are described in detail for both disk and drum-type regenerators. 
General design features of a rotary regenerator, as they affect 
the gas turbine as a whole, are covered briefly. 

Coppage and London [9] describe the periodic-flow rotary 
regenerator and contrast it to the other types of heat-exchanger 
systems which may be employed to “regenerate’’ or “recuperate” 
the exhaust-gas thermal energy in a gas-turbine plant. The 


rFeBruARY 1959 / 15 


= 
a 
7 
| 
 &§ 
a 
q 
4 
4 
ly 
i 
4 


advantages in principle of the periodic-flow type are considered 
briefly, and the mathematical complexities of analysis of the 
more exact theory of its performance are indicated. 

Available special solution, obtained by numerical-graphical 
methods, provided by Hausen, Nusselt, Boestad, Iliffe, and 
Saunders and Smoleniec are reviewed and their limitations 
pointed out. An algebraic-equation solution corresponding to 
the special case of high rotative speeds is shown to be exactly 
the same as the well-known equation for a direct-transfer-type 
counterflow exchanger. These results are supplemented with an 
“approximate theory’ solution which has the advantage of 
being in closed form, and the limitations on accuracy of this 
solution are considered. 

Recommended design curves ‘are presented using a set of 
simple nondimensional parameters, of the same nature as those 
employed for direct-transfer-type exchangers, and which are 
readily usable for the gas-turbine-regenerator design problem. 
The curves result from a rational extrapolation of the special- 
case solutions of Hausen, employing the approximate theory as 
well as the results of Iliffe, to other solutions of interest to the 
gus-turbine designer. An illustrative problem is included. 

In Reference [10], the designs of various types of disk and 
drum rotary regenerators are discussed. This discussion is of a 
generalized nature and pertains to studies made by several 
organizations. 

The design and development of a rotary regenerator for a 
3000-hp plant is described by Hammond and Evans [11]. 
To exploit the regenerative gas-turbine cycle to the fullest 
possible extent requires an extremely high degree of heat ex- 
change. Presently, the rotary heat exchanger is the only type 
which can be designed with the high thermal effectiveness 
necessary and yet remain practical from a size and cost stand- 
point. The mechanical nature of the rotary heat exchanger is 
such, however, that some leakage of high-pressure fluid to the 
The fact that in the past 
this leakage could not be held to werkable values has prevented 
commercial acceptance of this type unit. Consequently, 
The Air Preheater Corporation set up an intensive program aimed 
at developing an acceptable sealing means which would remove 
this one objection to otherwise highly desirable equipment. 
While this development program, at time of writing, is far from 
complete, results to date have indicated that sealing of the 
rotary design can be accomplished, and based on quantity pro- 
duction, costs of a turbine plant equipped with a rotary heat 
exchanger would be attractive commercially. Included in the 
development program were the design and construction of a 
prototype unit for a 3000-hp turbine plant. While erection 
of the prototype unit is complete, no testing has been done at 
time of writing. The purpose of this paper is to emphasize 
the advantages of the regenerator cycle generally, and more 
specifically to show why the rotary type is most promising, 
particularly im the high range. In addition, 
certain data pertaining to the design of the prototype unit are 
also presented. A future report will present results obtained 
from the prototype test program. 


low-pressure side will always occur. 


effectiveness 


The possibilities in shape and volume to be expected for a gas 
turbine regenerator incorporating compact high-rating heat- 
transfer surfaces are studied by Kays [12]. Four gas-turbine 
cycles are specified and 22 different designs of regenerator are 
presented employing various compact heat-transfer surfaces. 
Two types of heat exchangers are considered—direct-transfer, 
and coupled-indirect-transfer, the latter employing a liquid 
metal as a coupling medium. The results of this study indicate 
that very compact direct-transfer regenerators of reasonable 
shape are possible employing high-rating heat-transfer surfaces 
for which heat-transfer and flow-friction data are now available. 
The coupled-indirect-transfer system, employing a liquid metal 
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such as mercury or a sodium-potassium alloy, also appears very 
attractive for the gas-turbine-regenerator application. It 
is concluded that a very considerable development effort is 
justified to fabricate high-rating heat-transfer surfaces for high- 
temperature service and to develop a liquid metal suitable for 
regenerator application. This paper is based upon, and is a 
continuation of Ref. [13]. 

The desirability of using a heat exchanger to improve the 
efficiency of a gas-turbine plant of moderate gas temperatures 
and pressure ratios has often been considered in relation to the 
large space requirement and cost involved in the installation of 
a unit of the normal tubular type. 

A paper by Cox and Stevens [14] shows that the possibilities 
of reducing the bulk of the heat exchanger lie mainly in the use 
of passages of small diameter and length. The potentialities 
of the regenerative type of heat exchanger, and the requirements 
which have to be met, if a practical unit working on this principle 
It is thought that the most 
practical form of regenerator is one employing a rotating heat- 
exchanging element, and a stationary-seal system to prevent the 
loss of high-pressure air; the relative merits of units of this 
type are discussed. 


is to be achieved, are examined. 


The main problem to be overcome is that 
of developing an efficient and reliable sealing system. Work 
at the National Gas Turbine Establishment on a rotary-disk 
regenerator to study the sealing and general mechanical problems 
is described together with the results of tests made on a smaller 
unit built to determine the heat-transfer properties of heat- 
exchanging elements of the flame-trap type. 

The regenerative-type heat exchanger, in which the core 
structure (or matrix) acts as a reservoir of heat for the hot and 
cold fluids flowing alternately through the same flow passages, 
shows considerable promise for use as the heat exchanger in 
a regenerative-cycle gas turbine, or any installation in which 
weight and volume are critical considerations. The matrix 
of such heat exchangers may be constructed of a great many 
small flow passages, resulting in smaller weight and volume for a 
specified heat-transfer rate and pressure drop in the regenerator. 

A paper by Romie, et al. [15], covers an experimental investiga- 
tion of four such possible regenerator matrices; one made of small 
cylindrical flow passages, one of flat plates separated by a small 
gap, and two matrices of wire screens, each of a different mesh, 
placed normal to the flow. These matrix configurations were 
chosen because it can be shown that they have high effectivenss 
for regenerative-type heat exchangers. The matrices were ex- 
amined, not by the usual steady-state methods, but by a transient 
method employing a “single-blow” technique. This technique, 
which more closely approximates conditicns in a regenerative 
heat exchanger, is based on an analytical treatment of such a 
system by T. E. W. Schumann and operates as follows: The 
matrix is heated by hot air to a uniform temperature. The hot 
air is shut off and cold air is immediately passed through the 
matrix, the temperature-time history of the air leaving the 
matrix being recorded. The thermal performance of the matrix 
can then be evaluated by means of Schumann’s solution. 

For flat-plate and cylindrical-tube matrices, the flow was 
laminar due to the small hydraulic diameter of the flow passages 
and to velocity limitations imposed by allowable pressure drops. 
For predictions of pressure drops, well-known theoretical treat- 
ments suffice, but for heat-transfer rates, the usual theoretical 
predictions, based on constant and uniform wall temperature, 
must be modified to conform to the more complicated conditions 
encountered in the regenerator matrices. In the case of heat 
transfer from matrices made of layers of screens, few previous 
data are available. 

Hawthorne [16] explains why a heat exchanger is essential 
when high thermal efficiency is required from a small gas turbine, 


and also discusses small heat exchangers. Various types of 
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recuperators and regenerators are also discussed. Also sum- 
marized are the chief considerations which should be kept in 
mind when designing an automotive type heat exchanger. 


Exhaust and Waste Heat Utilization 


Hafer and Wilson [17] discuss many methods of utilizing exhaust 
heat from the gas turbine. Much of the discussion pertains 
to combining the gas turbine with a steam-generator plant to 
improve the operating efficiency of each. The role of the gas 
turbine in industrial, refinery, and petrochemical plants, driving 
compressors, blowers, and generators with the exhaust heat 
used to generate process steam or heat feedwater is covered in 
some detail. In addition, since this exhaust gas still retains 
the major portion of its oxygen, the use of same as preheated 
air for combustion is discussed. 

This paper discusses a number of possible ways of utilizing 
the energy contained in the gas-turbine exhaust. Such methods 
as regeneration, feedwater heaters, exhaust-heat-recovery boilers, 
fuel-fired boilers, stack ejectors, and the exhaust-fired cycle, 
are considered. The thermodynamic and economic aspects 
of these various methods of utilizing the exhaust are analyzed. 
Data are presented on the gas turbines manufactured by the 
author’s company to illustrate actual installations utilizing the 
gas-turbine exhaust energy. Curves are included which indicate 
the quantity of steam which may be generated utilizing the 
turbine-exhaust energy at various steam conditions. 

Mordell [18] describes and discusses a gas-turbine cycle in 
which the combustion chamber is placed behind the turbine, 
raising the exhaust temperature to a level at which all the heat 
required for the compressor air can be supplied by the heat 
exchanger. The possibilities of such a cycle for the utilization 
of low-grade solid or liquid fuels are explained and attention is 
drawn to the convenience with which steam can be generated 
from the otherwise wasted heat, and the over-all thermal ef- 
ficiencies which may be obtained by a combination of gas and 
steam turbines. 


Surfaces and Materials 


Reference [19] is the first of a proposed series of reports 
which will contain the results of heat-transfer and flow-friction 
tests of “high-rating’’ types of heat-exchanger surfaces. Con- 
tained herein is a complete description of the project, the test 
apparatus, the methods of analysis of data, and a consideration 
of the experimental accuracy. Included in the appendix are 
the complete computation procedure and the tables used in 
conjunction with the procedure. The test apparatus is designed 
to obtain the StPr’’* and f versus Reynolds number character- 
istics of heat-exchanger surfaces with an over-all experimental 
accuracy of +5 per cent. Velocity, pressure, and temperature 
traverses and surveys of the test duct are included as well as 
the results of a complete test of a louvered-fin type of heat- 
exchanger surface. 

In conjunction with work specifically pertaining to gas-turbine 
regenerators, considerable research pertaining to heat transfer 
and flow friction has been made. Work carried out by Coppage, 
Clark, and Kays [20-24] has provided excellent design informa- 
tion and surface performance characteristics. 

Locke [25] summarizes the work accomplished to date on an 
investigation of the convective-heat-transfer and friction charac- 
teristies for flow through porous solids such as packed screens 
and beds of gwanular materials. A mathematical analysis is 
presented for the determination of the temperature of the solid 
and fluid as a function of time and position for two transient 
conditions—heating of the solid with a distributed heat source 
when a cool fluid is flowing through, and cooling of the solid 
when the heat source is switched off. An experimental method 
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and apparatus are described for measuring the friction factor and 
convective-heat-transfer coefficient of material such as porous 
solids—for the heat transfer data, conventional steady-state 
techniques are not applicable. An appraisal of the accuracy 
and errors indicate that the results obtained will have an expected 
uncertainty of +13 per cent in the heat-transfer coefficient and 
+3 per cent in the friction factor. Preliminary experiments 
on a straight-tube test core verify the practicality of the method 
for testing porous solids and also for testing any type of core 
which because of high effectiveness cannot be tested by the usual 
steady-state method. 

Convective-heat-transfer and flow-friction data are presented 
by Coppage [22] for the flow of air through wire-screen matrices 
and sphere matrices. The range of Reynolds numbers, based 
on a hydraulic diameter, covered was from about 5 to 1000. 
The data were obtained principally for closely packed wire 
screens, covering a range of porosities from 0.60 to 0.83; data 
were also obtained for one separated screen matrix. The data 
for spheres were obtained for one randomly packed condition, 
the porosity being 0.39. 

Based on the results of these experiments an empirical cor- 
relation of the heat-transfer data is derived that covers the range 
of porosities from 39 to 83 per cent. It is also shown that the 
results of previous investigators fit into this correlation quite 
well (+25 per cent). The flow-friction data of both present 
and previous investigations are shown to fall into a +50 per cent 
band using a single correlation, but this spread is too broad for 
technical usefulness. The band width of the flow-friction data 
is found to be appreciably reduced when the porous media are 
divided into two classifications: (a) Matrices composed of bodies 
having holes through them, and (b) matrices composed of ag- 
gregates of solid bodies with voids between; the resulting band 
widths for these two correlations are then +35 per cent for each 
class. 

The experimental technique employed for obtaining heat- 
transfer data is the so-called “single-blow’’ transient method. 
Using Schumann’s analysis of heat transfer in an idealized 
porous medium the average heat-transfer conductance can be 
deduced. With this method the matrix, initially at a uniform 
temperature, is heated by a stream of air entering at a uniformly 
higher temperature, and the exit air temperature is recorded as a 
function of time. This temperature-time curve is compared with 
Schumann’s theoretical curves and the average heat-transfer 
conductance can then be determined. 

The experimental method for determining the flow-friction 
behavior is the usual steady-state technique in which the pressure 
drop is measured under isothermal flow conditions and for 
essentially constant-density flow. 

The data presented here are believed to be of technical use 
in the design of periodic-flow-type heat exchangers as used in 
air preheaters for boiler systems and for the gas-turbine-plant 
regenerator application. 

Weisman [26] presents a correlation relating the heat-transfer 
characteristics of crossflow heat exchangers to the void-volume 
and tube-pitch ratio. A similar correlation is found to be 
applicable to heat and mass transfer in packed and fluidized 
beds and through screens. A limited number of data has been 
obtained on the effect of the Prandtl modulus at high Reynolds 
numbers. These data seem to indicate as do those for flow 
through tubes, that the Prandtl-number exponent is a function 
of Reynolds number. 
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™ THE past 10 years, much effort has been 
expended both here and abroad in the field of turbine cooling. 
The never-ending search for more efficient and higher powered 
aircraft engines gave impetus to this relatively new field of re- 
search. The application of turbine cooling to the gas-turbine- 
type aircraft engines provides a means of permitting increases in 
turbine-inlet temperature to the point where engine power can be 
greatly increased. For some applications of turbine cooling the 
specific fuel consumption of the engine can also be improved. 
Furthermore, the use of cooling will permit increased allowable 
stress levels. As a result it is possible to increase the mass-flow 
rate through the turbine and in all probability the turbine can 
be made more reliable. The NACA (now NASA) has been a 
major contributor to this field of knowledge during .the past 
decade. 

This paper is intended to provide a résumé of the primary 
unclassified investigations in the field of turbine cooling during 
the period. The résumé will include general cooling studies, 
air and liquid transfer studies, fluid flow studies, and heat-ex- 
changer investigations as related to turbine cooling. It is hoped 
that from the material presented the reader will be able to judge 
which areas have been adequately studied and in which areas 
additional investigations are required. This summary un- 
doubtedly does not include all references pertinent to turbine 
cooling, but these will become apparent from the references 
cited. 


General Cooling Studies 


Initial investigations into the cooling of gas turbines were of 
an analytical nature and were directed at determining methods 
and effectiveness of cooling solid turbine blades. The addition of 
fins to blade tips and rotor, the use of rim cooling, the use of 
ceramic coatings on solid turbine blades, and so forth, were con- 
sidered [1-6].!_ The possibility of using ceramic turbine blades 
was also considered [7-9]. When it was found that these schemes 
would not withstand the temperature increases contemplated 
and that ceramic blades would not withstand the shock imposed 
upon them, analytical investigations of temperature distribu- 
tions through both air and liquid-cooled turbine blades were 
made [10-16]. Recently, the use of electrical analogs in deter- 
mining turbine blade temperatures became popular [17-19]. 

Summarizing papers have been compiled at more or less 
regular intervals [20-24]. In addition, Petrick surveyed 
German development of cooled turbine blades during World War 
II [25-27]. The Germans employed nonstrategic materials 
(by necessity) and, as a consequence, were limited to low gas 

1 Numbers in brackets designate References at end of paper. 

Contributed by the Technical Committee on Gas Turbine Heat 
Transfer of the Heat Transfer Division of Tue American Society 
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temperatures. The blades developed by the Germans were 
either hollow or had very little heat-transfer surface. 


Air-Cooled Turbine-Blade Heat Transfer 


With the results of some of the general cooling studies availa- 
ble, primary attention was turned to the study, design, and test- 
ing of turbine blades cooled with air by convection. Air was 
chosen as the coolant because of its availability for use in air- 
craft engines. The choice of some other coolant would have re- 
quired that it be carried with the aircraft, thus increasing the air- 
plane weight and occupying space otherwise available for a 
different purpose. It was therefore natural to concentrate on 
air cooling first. 

Convection Cooling. The design of convection air-cooled blades 
required investigation of gas-to-blade and blade-to-coolant heat 
transfer. 

Gas-to-Blade Heat Transfer. Heat-transfer correlations that had 
been used for bodies of simple shapes such as cylinders, pipes, flat 
plates, and so forth, were found inadequate for use in the laminar- 
flow region with more complicated shapes found in turbine blades. 
Furthermore, the conditions under which these correlations were 
obtained were not similar to those encountered around turbine 
blades. Hence investigations to determine adequate gas-to-blade 
heat transfer were undertaken. These studies included heat 
transfer in both the laminar and turbulent-flow regimes inas- 
much as both prevail around a blade periphery. 

Laminar Heat Transfer. A survey of existing literature was 
presented in [28]. Individual effects on Nusselt number of 
Reynolds number, Prandtl number, stream-to-wall temperature 
ratio, Euler number, Mach number, and property variations were 
obtained from this survey. A correlation equation based on con- 
stant wall temperature and constant property values was recom- 
mended in [28] for use in turbine cooling. Wedge-flow solutions 
available at that time formed the basis of this approach, which 
vields approximate heat-transfer coefficients for turbine blades. 
If desired, a second and better approximation can be obtained by 
use of the method of [29]. Wedge solutions that illustrate the 
effects of Prandtl number, pressure gradient, and surface-tem- 
perature variation are presented and summarized in [30]. A 
literature survey of aerodynamic heating and convective heat 
transfer is given in [31]. Variable-property effects are con- 
sidered in [32] and in several NACA reports which will be dis- 
cussed further under transpiration cooling. Effects of surface- 
temperature variations for a laminar boundary layer are given in 
[33-35] and a study of convective heat transfer at high veloci- 
ties in [36]. A convection factor for gas-to-blade heat-transfer 
coefficients for variable wall temperature and a laminar boundary 
layer is given in [17]. Experimental local gas-to-blade coeffi- 
cients are presented in [37]. Some other papers of interest are 
refs. [38-43]. It is believed that adequate calculation of heat 
transfer to turbine blades is possible by use of the information 
summarized herein 
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Turbulent Heat Transfer. It has been known that a pressure 
gradient in a turbulent-flow field is not nearly as influential on 
heat transfer as one in a laminar-flow field. Consequently, the 
part of a turbine blade exposed to turbulent flow has been con- 
sidered as a flat plate, and the well-known flat-plate heat-transfer 
correlation has been used in this region [28]. An analytical de- 
termination of local coefficients from measured blade tempera- 
tures is discussed in [44]. Wall-temperature variation effects are 
discussed in [45]. A correction factor for gas-to-blade heat-trans- 
fer coefficients for variable wall temperature and a turbulent 
boundary layer is given in [17]. Experimental local gas-to-blade 
coefficients are presented in [37]. 

A formula for obtaining average gas-to-blade heat-transfer 
coefficients was presented in [28]. This formula contains con- 
stants which can only be evaluated if the velocity distribution 
around the blade is known. A method for analytically deter- 
mining this velocity distribution is given in [46]. A comparison 
of heat-transfer coefficients obtained by these methods ({[28] and 
{46|) with measured heat-transfer coefficients on cooled and 
heated impulse-type blades in a static cascade is also contained 
in [46]. Calculated and measured coefficients are also com- 
pared in [47]. Other experimental average coefficients are pre- 
sented in [48-51]; these data are compared in [28] with the 
theoretical equation derived therein. The data in [48-51] are 
compared with NACA data in [52]. Average coefficients ob- 
tained from rotating liquid-cooled turbines are also available and 
will be discussed under liquid-cooled turbine-blade heat transfer. 

Blade-to-Coolant Heot Transfer. Standard heat-transfer corre- 
lations for air flowing through circular tubes and odd-shaped 
passages are used to obtain blade-to-coolant heat-transfer coeffi- 
cients, with the hydraulic diameter being the characteristic dimen- 
sion. On the basis of limited experimental data obtained at the 
NACA, it appears that for hollow blades (small length-to-diam- 
eter ratio) the formula given in [53] for heat transfer in short 
pipes is applicable. When additional heat-transfer surface is 
added in the coolant passage (fins, tubes, corrugations, and the 
like), the length-to-diameter ratio becomes large. In these cases, 
a heat-transfer coefficient based on total surface area and tem- 
perature is obtained from the heat-transfer correlations given 
in [54]. This is a summary report and contains numerous 
references not repeated herein. The coefficient of [53] is then 
corrected according to the equation in [15] so that the resulting 
heat-transfer coefficient is based only on wall temperature and 
wall-surface area. For very small hydraulic diameter passages 
(for instance, blades with corrugations) and flow in the laminar 
and transition regions, the heat-transfer correlations given in 
[55) are used to evaluate a heat-transfer coefficient based on 
total surface area and temperature and then the coefficient is 
corrected according to [15]. Unfortunately, for flow in the 
transition region, information is meager, and the blade-to-coolant 
heat-transfer coefficient may be in doubt. Free convection 
effects, which may also apply to air cooling in some cases, will 
be discussed under liquid cooling. 

Verification of Theories and Development of Blade Configurations. 
Use of the preceding theories permitted the calculation of blade 
temperatures and the design of various blade configurations. 
Good agreement between calculated and measured blade tem- 
peratures was reported in [56] for blades in a cascade. A com- 
parison of calculated temperatures for a shell-supported and 
a strut-supported blade is given in [57]. A strut-supported blade 
is a blade with an internal supporting member which carries the 
blade load and to which a blade shell is attached. Fins on the 
strut to which the shell is attached form the coolant passages. 
Ability to calculate the temperatures of blades with small coolant 
passages is still limited because of the need for establishment of 
the type of flow which exists in passages while under rotation. 


Heat-transfer characteristics of various configurations have been 


80 FesruarY 1959 


evaluated in cascades [37 | and [58] and for small groups of cooled 
blades of nonstrategic metal in a modified production turbojet 
engine [59-68]. It appears that special cooling methods (such as 
film cooling) are not required for blade leading and trailing edges 
unless the gas temperature is so high as to cause the metal to 
creep. If sufficient heat-transfer surface was inserted in other 
regions of the blade and if the shell was kept thin, the blades 
operated satisfactorily. Several completely cooled turbines 

(rotor and blades) have also been investigated [69-72]. Other 

investigations of interest are reported in [73-75]. 

Transpiration Cooling. The results of analyses [76-77] indicate 
that transpiration cooling is superior to other known air-co ling 
methods. Transpiration cooling requires the use of much less 
cooling air than convection cooling in order to accomplish the 
same amount of cooling. Moreover, for extremely high turbine- 
inlet temperatures, convection cooling may not be adequate. 
Consequently, the field of transpiration cooling was and is being 
investigated vigorously. Fundamental concepts of transpiration 
cooling are given in [78-82]. 

Gas-to-Blade Heat Transfer. As in convection cooling this discus- 
sion will be divided into laminar and turbulent heat transfer. 

Laminar Heat Transfer. Schlichting presented an approxi- 

mate method for calculation of the laminar boundary layer with 
suction for bodies of arbitrary shape [83]. Following Schlicht- 
ing’s approach for the flow boundary layer and employing a 
thermal-boundary-layer thickness for the solution of the heat- 
flow equation, laminar heat transfer around cylinders of arbitrary 
cross section with transpiration-cooled walls was calculated [84]. 
While this calculation was in progress, solutions of the laminar- 
boundary-layer equations for wedge-type flow which allowed for 
transpiration cooling, pressure gradient, and variation of fluid 
properties were obtained in [85], [86], and [87]. Solutions 
were also obtained for a variable wall temperature but restricted 
to constant property values [88]. These boundary-layer solu- 
tions are summarized in [89], and, for the case of no flow through 
the walls, are used in convection-cooling calculations as previ- 
ously mentioned. Wedge solutions already described are used 
to obtain approximate heat transfer to turbine blades. A better 
approximation method is discussed in [90]. A tabulation of the 
Blasius function with suction and blowing was prepared at 
Harvard University [91]. A method for calculating the heat 
transfer in a laminar compressible boundary layer with pressure 
gradient is given in [92]. Experimental data for an isothermal 
flat porous plate is available in [93]. Wedge solutions for the 
combination of variable wall temperatures and variable property 
values are not vet available, and experimental verification of 
the other solutions is still needed. 

Turbulent Heat Transfer. The calculation of heat transfer 
to the part of a turbine blade in the turbulent-flow field has 
been accomplished to date by use of the theories of Rannie [4] 
and Friedman [95] for a porous flat plate. Mickley and associates 
[96] have advanced a more simplified theory and published 
some experimental data. More recently, new attempts have been 
revealed in [97] and [98]; both require experimental verification. 
Results of measurements of velocity profiles in a channel with a 
porous wall [99] indicate qualitatively that more work is needed 
in heat-transfer investigations of porous surfaces in turbulent flow 
since measured velocity distributions are not in agreement with 
the assumptions made in the theories currently used. Blade-to- 
coolant heat-transfer coefficients are not required in transpira- 
tion-cooling studies. Hence no section on blade-to-coolant hest 
transfer is included here. 

Blade-Cooling Flow Requirements and Temperatures. The theories 
for laminar and turbulent gas-to-blade heat transfer were em- 
ployed in calculating the coolant flow required to maintain a 
uniform shell temperature for a transpiration-cooled blade {100}. 
For laminar flow, stream-to-wall temperature-ratio effects were 
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contained in the wedge solutions employed. A similar calculation, 
but one in which stream-to-wall temperature-ratio effects were 
accounted for by use of a correction factor, is given in [101]. 
Temperature data for sintered porous stator blades are given in 
{102|, and a comparison of such data with theory in [23]. Al- 
though film-cooling is not treated here as a separate type of cool- 
ing, results of film cooling investigations are contained in[{103]. 


Liquid-Cooled Turbine-Blade Heat Transfer 


Although liquid cooling of gas-turbine blades may be more 
useful in marine or stationary power plants requiring high gas 
temperatures, its application for certain aircraft flight plans 
may also be profitably employed. E. Schmidt advanced the 
idea of the use of the liquid-cooled turbine in aircraft engines 
[104]. A summary of design information on water-cooled tur- 
bines is given in [105]. 

Gas-to-blade heat-transfer coefficients determined by the 
methods previously discussed under air-cooled turbine-blade 
heat transfer are also applicable for liquid-cooled turbines. 
Some experimentally determined coefficients for a liquid-cooled 
turbine are given in [106], however. 

Forced Convection Cooling. Blade-to-Coolant Heat Transfer Heat- 
transfer correlations for the flow of liquids through tubes have 
been employed for laminar flow in the passages of liquid-cooled 
turbine blades. Turbulent flow was never achieved. Heated 
data in Figs. 9-17 of [107] (p. 231) were used for correlation pur- 
poses, and good results were obtained. Length-to-diameter-ratio 
effects, employment of the hydraulic diameter as the reference 
dimension for noncircular passages, and entrance effects have 
been considered in the determination of appropriate coefficients. 
Experimentally determined blade-to-coolant heat-transfer co- 
efficients are reported in [108] and [109] for an aluminum forced- 
convection turbine and verified the fact that the calculated co- 
efficients were satisfactory. The forced-convection liquid-cooled 
principle was also employed in [110] and [111}. 

An analytical study of two liquid-cooling systems which aug- 
ment forced-convection circulation with pumping effects due to 
natural convection is reported in [112]. In the one system, the 
liquid columns in a simple forced-convection turbine extend from 
blade tip to the axis of rotation. In the other, a loop system, an 
interconnection between passages is provided, and recirculation of 
all or part of the liquid is achieved. 

Verification of Blade Temperatures. Calculated blade tempera- 
tures, by use of the information already presented, are compared 
with measured blade temperatures in [113], and result in good 
agreement. 

Natural Convection Cooling. Blade-to-Coolant Heat Transfer Free 
convection heat transfer for flow over vertical flat plates and 
through tubes may be calculated for laminar flow by the methods 
discussed in [114] (pp. 158-168). Interferometric studies of 
boundary layer in transition to turbulence are reported in [115]. 
For turbulent flow, an analytical investigation of the boundary 
layer on a vertical flat plate is given in [116]; an analytical inves- 
tigation of flow and heat transfer in turbine-blade coolant passages 
is given in [117]. 

Experimental free-convection heat-transfer data for a tube 
with length-to-diameter ratio of 5 are reported in [118-120]. 
Superimposed forced convection opposite to, and in the same 
direction as, the natural convection effects were also investigated. 
The data were obtained in the Grashof range applicable to rotat- 
ing water-cooled turbine blades and agree very well with calcu- 
lated values. Over a range of Grashof and Reynolds numbers, a 
unique presentation is given of the regimes in which the laws of 
forced, free, and mixed flow are applicable. For liquids other 
than water, and some types of gases (such as helium) the ranges 
considered are not sufficient, and additional data are necessary. 
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Heat-transfer correlation equations, with restrictions quoted, 
are also given in [120] for combinations of free and forced con- 
vection in the same and in opposite directions. Experimental 
data for a tube with length-to-diameter ratio of 40 are given in 
{121]. These data are compared with those of [118] to [120] 
in [122]; the limits of the various flow regimes determined for 
the tube with L/D = 5 are valid for the tube with L/D = 40. 
Experimental blade-to-coolant heat-transfer data for a turbine 
are given in [108] and [123]. The turbine data fall well below 
the theoretical curve. An explanation for this follows. Theo- 
retically, the temperature at the passage surface is used. The 
location of thermocouples at this position was impo-sille, how- 
ever, and the measured values are somewhat in error. Rough 
estimates of the possible temperature gradients from the thermo- 


. couple location to the passage surface were made and indicate 


that if these gradients are considered, agreement between theory 
and experiment will result. Additional free-convection investiga- 
tions of liquid-cooled turbines are reported in [124] and [125]. 

Thermosiphon. Recently, the thermosiphon has aroused in- 
terest as a method of transferring heat because of its possible 
application to cooling high temperature gas-turbine blades. 
This method is discussed in [126] and [127]. Two types of cool- 
ing are considered: (a) Passages are filled by vaporized coolant 
except for a film on the surface which is condensed from the 
vapor in the cooled region and flows by gravity forces as a film 
into the heated region where it is vaporized; and (b) passages are 
filled in the heated portion and boiling conditions prevail. Ex- 
perimental data are presented in [126], and correlation equations 
are determined. Such a method of cooling may be good for very 
small blades with small coolant passages. 

External Spray Cooling. For aircraft applications external spray 
cooling of solid turbine blades is considered as a means of per- 
mitting short-term engine operation at elevated engine speeds 
and gas temperatures in order to achieve thrust increases. For 
stationary turbines where liquid consumption is not a considera- 
tion, external spray cooling may also be useful. For relatively 
small rotor blades the blade temperatures may be reduced ade- 
quately by spraying water onto the blade from a few stationary 
circumferential locations. From larger rotor blades a “rotating 
gutter’’ on the rotor as suggested in [128] could cool the trailing 
edges. Other investigations on spray cooling of turbine blades 
are given in [129-132]. 


Fluid-Flow Studies 


Effective design of passages to accommodate air flow requires 
particular solutions of the momentum equation so that pressure 
drops encountered can be determined. Methods have been ob- 
tained for the solution of the equations for one-dimensional flow 
in rotating coolant passages with heat-transfer, friction, and area 
change [133] and [134]. Pressure drops and friction factors for 
two cooled-blade configurations have been obtained experi- 
mentally in static cascades [135]. The results obtained with 
one of the configurations agreed with those obtained for von 
Karman’s equation for turbulent flow in smooth round pipes. 
The values obtained for the other blade were in agreement with 
friction coefficients obtained for small rectangular ducts of 
larger aspect ratio [136]. Other investigations of friction factors 
and pressure drops through passages are presented in [137-141]. 

The effectiveness of transpiration cooling over other methods 
of cooling has stimulated investigation of the flow in passages 
with a porous wall and through the porous media. Flow 
in a one-dimensional rotating passage with ejection through 
a porous wall has been investigated theoretically in [142]. Ex- 
perimental investigations have been conducted to determine the 
coolant-flow characteristics of a sintered porous turbine blade 
[143] and of woven cloth [144-146]. 
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Heat Exchangers 


The use of heat exchangers in some types of turbine-cooling 
systems and application of their laws to nuclear reactors is of 
great importance. If a closed system is contemplated for use in 
cooling a turbine—for instance, use of a liquid coolant or a gas 
greatly different from air—an exchanger will be required. Fur- 
thermore, if air is contemplated for use in cooling a turbine, the 
air will undoubtedly be bled from the compressor; for high-speed 
high-altitude aircraft, this compressor bleed air must be pre- 
cooled before being used for cooling the turbine, and the heat ex- 
changer again becomes a necessity. In heat exchangers for tur- 
bine-cooling systems employing liquid coolants and in nuclear 
reactors, a single dominating film resistance occurs. This feature 
greatly simplifies heat-exchanger calculations and design. Some 
heat-exchanger investigations are reported hereafter. J 

Temperature distributions in internally heated walls of heat 
exchangers with noncircular flow passages for fluids with a 
Prandt] number of unity and for fluids with very low Prandtl 
numbers are given in [147-149]. A summary of basic heat- 
transfer and flow-design data for a large number of heat-exchanger 
configurations [88] is given in [150]. For conditions of prescribed 
pressure drops and inlet temperatures and pressures, a graphical 
method for determining the core dimensions of a heat exchanger 
is presented in [151 and 152]. By the use of a few simple charts, 
it is possible to investigate a number of heat-exchanger sizes for 
various operating conditions. The method for determining the 
configurations of the heat exchanger (with one dominating film 
resistance) which transfers a prescribed amount of heat from one 
medium to another with the smallest energy and having the small- 
est weight, volume, or frontal area is described in [153]. These 
results are given for typical configurations presented in [150]. 
A study of this nature where the heat-transfer coefficients have 
finite values on both sides of the heat exchanger could also be 
useful in the design of heat exchangers. 
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1} RING THE INFANCY of gas turbine practice, re- 
generators were designed and manufactured with the philosophy 
and technique characteristic of conventional heat-exchanger prac- 
tice, but there has been considerable advance in the past 10 years. 
To meet the requirements of a modern gas-turbine plant the re- 
generator is required to have a high thermal effectiveness and a 
low pressure drop. Considering that these specifications can be 
met with a “large tube-type’’ heat exchanger, the size and weight 
of the unit are incompatible with the compact nature of a gas- 
turbine plant. 

A conventional tubular unit has a compactness of the order of 
30 to 60 sq ft of total heating surface per cu ft of volume. Re- 
generators are being fabricated at this time with a compactness of 
100 sq ft per cu ft, and heating surfaces are commercially available 
with a compactness of more than 200 sq ft per cu ft. To gain 
compactness with tubes or flat-plate construction the size needs to 
be reduced to the point where fabrication procedures become diffi- 
eult and uneconomical. This inherent limiting characteristic 
spurred the development of extended heating surfaces. 

There is no one outstanding or preferred type of heat-transfer 
surface in a broad sense as each type has certain areas of applica- 
tion in which it excels. The tube type has been very success- 
fully used in many instances. A tube possesses two important 
advantages for heat-exchanger design, the tube is a good pressure 
vessel, and secondly, with all prime surface there is no loss due to 
fin efficiency. 

There are several reasons that account for the growth of interest 
in extended-surface heat exchangers. First, the compactness of 
heating surface may be more easily increased. Second, the 
amount of heating surface may be varied from one side to the 
other side to obtain an optimum thermal balance. Third, experi- 
mental heat-transfer and pressure-drop performance tests have 
indicated that properly designed interrupted surfaces give a 
higher rate of heat transfer per unit of friction power than con- 
tinuous surfaces. 


Regenerators in Operation 


The following discussion of regenerator progress is a review of 
regenerators that have been designed and manufactured for gas- 
turbine plants. The list is illustrative rather than inclusive of all 
the units that have been built. 

1944—-One of the first regenerators designed, developed, and 
manufactured for a gas-turbine plant was a tubular unit using 
®/iein-OD tubing [1].!. The tubes were arranged in an annular 
bundle inside a cylindrical shell. The gas flowed in radial and 
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diagonal directions across the tubes for three passes in cross- 


counterflow. The air made a single pass through the tubes. 
The regenerator, with an effectiveness of 75 per cent, was used in 
an experimental open-cycle gas-turbine plant which developed 
about 2400-hp. 

1944 —The first extended-surface regenerator for a gas-turbine 
plant was manufactured for the experimental plant already men- 
tioned [2]. It employed streamlined tubes with widely spaced 
plate-fins brazed perpendicular to the tubes. The air passed 
through the tubes and the gas passed across the finned surface. 
The unit had an effectiveness of about 72 per cent. 

1944—Several large regenerators were designed and manu- 
factured for application to closed-cycle plants [3]. The regenera- 
tors employed very small tubes, '/.-in-OD, arranged in bundles 
which nested together inside a shell. A unique header arrange- 
ment was used by grouping each bundle of tubes into a collector 
pipe and running the collector pipes into the inlet and outlet 
manifold pipes. The high-pressure air was inside the tubes and 
the low-pressure air was in counterflow on the outside. The 
units were designed with effectivenesses up to 90 per cent. The 
principle of a compact surface with small passages was adopted 
since there was no danger of fouling in the closed-cycle system. 

1946 
factured for a 3000-hp open-cycle gas-turbine plant [4]. 


A plate-fin type of regenerator was designed and manu- 
The 
unit had counterflow design and an effectiveness of 73.5 per cent. 
Its compactness was of the order of 275 sq [t per cu ft, a very high 
yalue at that stage of extended-surface development. Plain fins 
were used on both sides, interrupted every 5 in. 

1947-—An interesting regenerator was designed and built with 
tube sheets inclined with respect to each other [5]. The bowed 
tubes compensated for the differentials in thermal expansions by 
hexing. The single-pass crossflow unit was designed for an 
open-cycle plant for a locomotive. 

1948--A tubular unit of conventional design was selected as the 
regenerator for a series of gas-turbine plants [6]. These plants 
were 5000-hp, open-cycle, for stationary applications. The 75 
per cent effectiveness regenerator was constructed with heavy wall 
tubing | in. in diam. This design represented a conservative ap- 
proach with considerable allowance for fouling and corrosion. 
The shell was erected vertically in such a fashion that the regen- 
erator formed the lower portion of the exhaust stack. The gas 
flowed upward inside the tubes and the air flowed downward in 
counterflow on the outside of the tubes. 

1950-—The first interrupted extended-surface regenerator was 
placed in service with a 5000-hp open-cycle plant for a stationary 
application [7]. This regenerator represented the first unit of a 
new class of heat-transfer equipment of basic flat-plate design. 
Between the plates on the air side were pin fins, made of '/s-in. 
wire, brazed in position. Between the plates on the gas side con- 
tinuous strips were brazed, positioned to form rectangular pas- 
sages. Although this unit was in the heavy-duty class it possessed 
a heating-surface compactness of about 70 sq ft per cu ft. Its 
volume was about 60 per cent of a typical unit with 1-in. tubes. 
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The effectiveness was 75 per cent. 
have since been placed in service. 

1955-—-A rotary regenerator was designed and built for a 3000- 
hp open-cycle power plant for experimental testing purposes [8]. 
It was a drum-type unit with a “wire-screen’’ heating surface. 
This unit represented the first large-size rotary regenerator to be 
built for a gas-turbine plant. 

1956—The world’s first large gas-turbine ocean-going vessel, the 
GTS John Sergeant, was equipped with an extended-surface re- 
generator, a type already described under the heading 1950 [7, 9]. 
The maximum power of the plant, observed during its sea trials, 
was above 7500-hp 

1957—A plate-fin type of heat exchanger was introduced for 
open-cycle gas-turbine plants, of the 6000-hp class, in which the 
emphasis was on minimum cost for a moderately compact unit 
[10]. The extended surface is continuous except where inter- 
ruptions are required for manufacturing purposes. The principles 
of design anticipate volume production. ; 

A large coflection of regenerator information is given in the 
“Gas Turbine Progress Report—1952”’ [11]. This presents a 
thorough review of all phases of gas-turbine-plant development. 


Many units of this design 


Advances in the Development Stage 


There are many new types of heating surfaces in the final de- 
velopment phase which will contribute to regenerator advance- 
ment in increased compactness, improved performance character- 
istics, and reduced weight. 

A new “pin-fin-type’’ extended surface has been developed 
which has a streamlined shape [12]. At the present time this 
heating surface is being used in the manufacture of a regenerator 
for a 400-kw closed-cycle gas-turbine plant [13]. The heating- 
surface compactness is of the order of 225 sq ft per cu ft. Bulk 
brazing into large sections is the fabrication technique. 

Considerable strides have been made in developing a regenera- 
tor for automotive gas turbines. These units must be very com- 
pact, must have a low weight, and be designed to lend themselves 
for mass production, A large part of the effort has been toward 
rotary regenerator units [14, 15]. The rotary designs are based 
on using liminar flow through verv small passages and having 
very short flow lengths. The greatest difficulty has been the de- 
velopment of adequate seals. 

Compact and high-performance heating surfaces have been 
developed for military purposes; however, this information is 
classified. 


Research Advances 


Extended heating surface of the interrupted type has played a 
leading role in the advancement of regenerator engineering. 
Basic heat-transfer and pressure-drop performance data of in- 
terrupted fins were published in 1942 [16]. Since then there has 
been a great deal of experimental research of this type by the vari- 
ous heat-exchanger companies; however, much of this informa- 
tion has not been published. 

A large number of experimental data on this subject has been 
published by Stanford University [17, 18]. The basic heat- 
transfer and pressure-drop design characteristics are given for 
many types of compact heating surfaces, predominantly of the 
interrupted extended-surface type. This large group of perform- 
anee curves is a valuable aid to anyone working in the field of 
compact heat-exchanger design. A second program of the same 
type is being carried out at this time. 


Pegenerator Challenge 


The 10-yr-old challenge to improve regenerator design is even 
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greater now with the application of gas-turbine plants in many 
fields. Each type of application dictates a different set of require- 
ments with respect to regenerator design. 

For example, in large stationary applications the investment 
cost of the regenerator is an important factor; the size and weight 
are secondary. A plant of this type has a long operating life and 
the heating-surface selection must consider corrosion and fouling. 
With respect to industrial and military mobile plants, the present 
trend has been to eliminate the regenerator because of the extra 
problems created by volume, weight, and additional duct work. 
With more compact and lighter weight heat exchangers, these 
plants may be expected to include regeneration in the future. 
Regenerators have not been applied to small marine gas-turbine 
power units since the important objective is high power and low 
weight. In large marine applications the regenerator require- 
ments are similar to those for industrial stationary plants, except 
that greater stress is placed on volume and weight. For a truck 
or automobile gas-turbine engine a high-effectiveness regenerator 
is a necessity to reduce the specific fuel consumption. The vol- 
ume and weight requirements are very stringent, and very com- 
pact designs will receive considerable attention. Regenerators 
are seldom mentioned in aviation practice where the gas turbine 
has made the most dominant advance. In the commercial use of 
turboprop engines suitable regenerators would be eminently de- 
sirable. Within the last few years there has been considerable 
activity in closed-cycle gas-turbine plants used in conjunction with 
gas-cooled reactors. Regenerators for this type of application 
must be compact and must also have a structural design that will 
operate at the high pressure levels of the closed cycle. 

There is no doubt that the advancing art in heat-exchanger 


. practice has played an important role in the gas-turbine power- 


plant progress during the last 10 years. In fact, the lack of ade- 
quate solution of many regenerator problems has created a bottle- 
neck in the rapidly expanding gas-turbine field. New techniques 
of design and fabrication will be required to meet the performance, 
temperature, pressure, compactness, and weight demands in the 
future. The regenerator progress of the past 10 years would ap- 
pear to be only the beginning for the progress that will be made in 
the next 10 years. 
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 * DEMAND FOR COMPACT heat-transfer equipment 
having very high heat-flow rates has led to studies of the transfer 
of heat at very high fiuid velocities and very high temperature 
differences between the surface and the fluid. The latter intro- 
duces the complicating factor into the theory that the fluid 
properties vary substantially through the boundary layer. 

This paper discusses the pertinent literature appearing in the 
period 1946 to 1956 on the transfer of heat by forced convection 
between surfaces and fluids for Mach numbers up to 8 and tem- 
perature differences of the order of 2500 F. Tubes of various 
cross-sectional shapes, flat plates, and nozzles are discussed. 


Flow in Passages 


A considerable amount of analytical and experimental work 
has been done recently on heat transfer to gases with large 
temperature differences and high velocities. 

In Ref. [1],? an extensive experimental investigation of average 
heat-transfer and friction coefficients for flow of air in smooth 
electrically heated tubes is summarized. Surface temperatures 
as high as 2500 F and Mach numbers up to 1 were reached. 
The surface-to-air temperature ratio varied from about 0.46 
to 3.5, with heat fluxes up to 10° Btu/hr ft?. 

Correlation of the measured average heat-transfer and friction 
coefficients with heat addition by conventional methods, wherein 
the physical properties of the air were evaluated at the bulk 
air temperature, resulted in considerable decreases in both the 
Nusselt number and friction coefficient as the ratio of surface 
temperature to air temperature was increased. The effect of 
surface-to-air temperature ratio was eliminated by evaluating 
the physical properties of the air, including density, in the 
Nusselt number, Reynolds number, and friction coefficient at a 
temperature halfway between the average wall temperature and 
the average bulk temperature. 

In Ref. [2], an analytical investigation of turbulent flow and 
heat transfer in smooth tubes including the effects of variable 
fluid properties is given. The analysis resulted in an equation 
which represents both the conventional buffer laver and the 
laminar layer. In order to check the analysis and determine 
values for the constants appearing m the equations, tests were 
conducted to determine fully developed velocity distributions for 
air flowing in a smooth tube without heat transfer. The ex- 
perimental method is described in Ref. [3]. The results are 
correlated by using the conventional velocity and distance 
parameters u* and y*. They agree closely with those of 

' Assoc. Mem. ASME. 

2? Numbers in brackets designate References at end of paper. 

Contributed by the Technical Committee on Gas Turbine Heat 
Transfer of the Heat Transfer Division of THe American Sociery 
or MECHANICAL ENGINEERS 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, Septem- 
ber 26, 1958. 


Journal of Heat Transfer 


Heat Transfer and Friction for Fluids 
Flowing Over Surfaces at High Temperatures 
and High Velocities 


Nikuradse as well as those of Laufer [4]. The analysis was 
extended to include flow with heat transfer, and relations for 
this case were obtained for a Prandtl number of one. 

Variation of fiuid properties due to temperature variation 
across the tube was considered. By use of the equations for 
velocity and temperature distributions, relations were also ob- 
tained among Nusselt number, Reynolds number, and friction 
factor for a fluid with a Prandtl number of one for the case where 
the variation of fluid properties across the tube is large. 

The analysis was extended to Prandtl numbers differing 
slightly from one in Ref. [5]. In order to check the analysis ex- 
perimentally, local-heat-transfer coefficients, friction factors, and 
velocity and temperature distributions were measured for air 
flowing in a smooth electrically heated tube at high heat fluxes 
[6]. The agreement between predicted and measured heat- 
transfer coefficients was good. Both indicated that the effects 
of variable fluid properties could be eliminated by evaluating the 
fluid properties, including density, at a temperature about half- 
way between the wall and the bulk temperatures. In using this 
result for calculating heat-transfer coefficients, the same assump- 
tions concerning the variation of properties as were used in the 
analysis should be made; that is, constant specific heat, and 
viscosities and thermal conductivities both proportional to the 
0.68 power of the absolute temperature should be used. Most of 
the foregoing analyses and experiments are summarized in Ref. 
[7]. The analysis is extended to very high Prandtl numbers in 
Ref. [8]. 

An analysis for fully developed laminar flow in a tube with 
properties variable along the radius is given in Ref. [9]. It was 
again found that the effects of variable fluid properties could be 
eliminated by evaluating the properties at a specified reference 
temperature in the fluid. 

The results in the preceding paragraphs were for fully de- 
veloped flow and heat transfer. In Ref. [10] the effect of various 
factors on the turbulent heat transfer and friction in the entrance 
regions of smooth tubes was investigated analytically. The in- 
fluence of Reynolds number, Prandtl number, initia] velocity dis- 
tribution, wall boundary conditions, passage shape, and of varia- 
ble fluid properties was predicted. Integral heat-transfer and 
momentum equations were used for calculating the thicknesses of 
the thermal and flow boundary layers. The results indicated 
that approximately fully developed heat transfer and friction are, 
in general, attained in an entrance length less than 10 diameters. 
As in the case of fully developed heat transfer and friction, the 
effects of variable fluid properties were nearly eliminated by 
evaluating the properties at a temperature close to the average of 
the wall and bulk temperatures. The predicted results were in 
reasonable agreement with the experimental results from Refs. 
{11}, [12], and [13]. 

An experimental investigation of heat transfer and friction for 
air flowing at high heat fluxes in circular tubes having square- 
thread-type roughness is given in Ref. [14]. The roughness in- 
creased both the friction and heat transfer, but the friction 
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increased at a greater rate. As in the case of smooth tubes, a 
reasonably good correlation of the data was obtained by evaluat- 
ing the fluid properties, including density, in the Nusselt number, 
Reynolds number, and friction factor at the average of the wall 
and bulk temperatures. The effect of roughness was correlated 
by an analysis given in Ref. [7]. 

Some work on noncircular passages has also been done. Meas- 
urements of average heat-transfer and friction coefficients for air 
flowing with high heat fluxes in smooth electrically heated ducts 
having square, rectangular, and triangular cross sections are 
given in Ref. [15]. The effect of heat flux on correlations of the 
average heat-transfer and friction coefficients was similar to that 
obtained for circular tubes, and was nearly eliminated by evaluat- 
ing the properties at a temperature halfway between the average 
surface and fluid bulk temperatures. With the Nusselt and 
Reynolds numbers based on the hydraulic diameter of the ducts, 
the data for the noncircular ducts could be represented reasonably 
well by equations obtained for circular tubes. Peripheral tem- 
perature distributions were in reasonable agreement with pre- 
dicted results from the analysis in Ref. [16]. 


Flow Over Flat Plates 


Analyses. For the case of high-speed turbulent flow over a flat 
plate, a large number of analyses exist. Ferrari [17] in 1950 as- 
sumed the Prandtl mixing length valid in the turbulent portion 
of the boundary layer together with variable properties to obtain 
friction and heat-transfer relations for a Prandtl] number of one. 
He assumed the density fluctuations in the boundary layer were 
not negligible. In this same year, Wilson [18] did an analysis 
using the von Karman expression for eddy diffusivity. Van 
Driest [19] employed Prandtl’s mixing-length expression and 
Reynolds’ analogy for a Prandt] number of one. Rubesin, May- 
dew, and Varga [20] extended the Frankl-Voishel analysis [21] to 
apply at supersonic Mach numbers. An analysis to obtain re- 
covery facters at high Mach numbers was made by Tucker and 
Maslen [22]. The original Frankl-Voishel analysis [21] con- 
sidered the von Karman expression for eddy diffusivity to hold 
in the turbulent portion of the boundary layer and assumed the 
Prandtl number one. Variable properties were considered but 
because of a series expansion used, the final results were re- 
stricted to subsonic Mach numbers. Tucker [23] found that by 
evaluating the properties at the arithmetic mean of the wall and 
free-stream temperatures, good agreement with the extended 
Frankl-Voishel analysis was obtained. By assuming Prandtl’s 
mixing length expression and a constant Reynolds number of the 
laminar sublayer Donaldson (24, 25] analyzed friction and heat 
transfer for flow over a flat plate. A method for taking density 
fluctuations into account was given by Li and Nagamatsu [26]. 
Rubesin [27] proposed a modified Reynolds’ analogy for the 
compressible turbulent boundary layer. In 1953 was published 
a previously restricted 1943 report by Cope [28), representing 
one of the earliest attempts to take the variable properties of the 
boundary layer into account. He obtained results for both a 
power-law velocity profile and a logarithmic profile. Van Driest 
|29] made a study to determine the correct. values of laminar 
and turbulent Prandtl number to be used for the turbulent 
boundary layer. Eckert (30] found that the reference tempera- 
ture proposed by Young and Janssen [31] for laminar boundary 
layers also correlated the data for turbulent flow. An extension of 
Donaldson’s analysis to take into account an exponent in the 
velocity-profile expression variable with Reynolds number was 
made by Persh [32]. Deissler and Loeffler [33] employed the 
von Karman expression for eddy diffusivity in the outer portion 
of the boundary layer with variable properties and also allowed 
for turbulence and variable properties in the sublayer to obtain 
friction and heat-transfer correlations for flow over a flat plate. 
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For the case of high-speed boundary-layer flow with pressure 
drop, Bartz [34] has worked out an approximate method of solu- 
tion for friction and heat transfer. Sibulkin [35] has worked 
out a somewhat similar approximation for incompressible flow. 

A general comparison of the many different theories with ex- 
perimental data is difficult. However, the theories of Refs. [20], 
[23], [25], [28], and [33] give friction factors which agree well 
with experimental data for an insulated plate for Mach numbers 
up to 4.5. 

Experimental Dato. Boundary-layer measurements on a flat 
plate at a Mach number of 2.5 and zero heat transfer were made 
by Monaghan and Johnson [36]. Stalder, Rubesin, and Tende- 
land [37] measured turbulent recovery factors at a Mach number 
of 2.4. Boundary layer measurements for a Mach number of 2.8 
were made by Spivack [38]. Local heat-transfer coefficients at a 
Mach number of 1.5 were measured by Emmons and Blanchard 
(39]. Monaghan and Cooke [40] measured heat transfer and 
friction at a Mach number of 2.82. For axial flow along insulated 
hollow cylinders at Mach number 3.05, Brinich and Diaconis [41 | 
have obtained skin-friction and velocity-profile data. Slack 
[42] reports heat-transfer and recovery-factor data at Mach 
number 2.4. Monaghan and Cooke [43] measured heat transfer 
and skin friction at a Mach number of 2.43. Coles [44] made a 
comprehensive experimental study of the supersonic boundary 
layer for Mach numbers of 2.0, 2.6, 3.7, and 4.5 for an insulated 
flat plate, obtaining velocity profiles and also skin friction by 
direct-force measurements. Local-heat-transfer data for small 
rates of heat transfer at Mach numbers of 1.69 and 2.27 were re- 
ported by Pappas [45]. Heat-transfer and skin-friction data for 
Mach numbers from 1.4 to 3.2 for a variety of shapes giving small 
pressure drop were presented by Seiff [46]. Turbulent-heat- 
transfer measurements were made by Brevoort and Rashis [47 | 
for a Mach number of 3.03. Chapman and Kester [48] made 
boundary-layer and skin-friction measurements for axial flow 
along cylinders at Mach numbers between 0.5 and 3.6. Sommer 
and Short [49] measured average skin friction on free-flying 
hollow-cylinder models at Mach numbers of 2.8, 3.8, 5.6, and 7.0 
for high rates of heat transfer. 

Lobb, Winkler, and Persh [50, 51] made studies in a wedge- 
type nozzle of the hypersonic turbulent boundary layer for Mach 
numbers between 4.93 and 8.2, in the presence of a favorable pre- 
sure gradient. Wegener, Winkler, and Sibulkin [52] measured 
boundary-layer profiles and heat transfer at Mach number 7, also 
in a favorable pressure gradient. 
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A New Technique for Measuring The Spectral 
Emissivity of Solids at High Temperatures 


The principles underlying emissivity measurements in solid materials at temperatures 
in the range of 3500 K, and conditions for carrying out these measurements are briefly 


Physicist, reviewed. The advantages of using an imaging furnace for this application are pointed 
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out and the necessary optical system described. The function of the shutter for separat- 
ing emitted and incident radiation, control of the temperature by the aperture-limiting 


cylinder, and the calibration of a spectrometer by a black-body reference standard are 


explained. 


Introduction 


© MEET THE DEMANDS of modern technology, en- 
gineers have to extend their understanding of the behavior of 
materials to conditions existing at high temperatures. Although 
sufficient information has been accumulated on various material 
properties in the range from 100 to 1500 K, a great deal of physi- 
cal data on the behavior of materials at high temperatures re- 
mains to be gathered. Such data will lead to improved designs 
for gas turbines, rocket motors, missile systems, and nuclear ap- 
plications and will establish criteria for material that will ulti- 
mately be used for thermonuclear-power developments 
In the analysis of heat-transfer mechanisms, the emissivity of a 
material is of particular concern since heat. transfer by radiation, 
often the dominating term at high temperatures, is dependent on 
this physical property. Measurement of either total or spectral 
emissivity at high temperatures does not differ in principle from 
low-temperature measurement. However, since it is difficult to 
attain the required high temperature and at the same time 
measure only radiation emitted by the sample material, new 
techniques must be employed. This paper describes a system 
used to measure the spectral emissivity of solid materials at tem- 
peratures as high as 3500 K. 


Theory 


The radiative properties of an opaque material are specified by 
the spectral emissivity and the absolute temperature of the ma- 
terial. Spectral emissivity is defined as the ratio of the mono- 
chromatic power emitted by the sample material per unit area at 
a particular wave length and temperature to the monochromatic 
power emitted per unit area by a perfect radiator or black body 
at the same wave length and temperature. 

Because spectral emissivity (and total emissivity) generally de- 
pends on temperature, high-temperature radiation properties 
cannot safely be inferred from low-temperature data [1]. 

To determine the spectral emissivity experimentally one must 
measure the monochromatic power emitted by the sample per 
unit surface area. The monochromatic power is measured by re- 
cording the sample emission spectrum with a spectrometer cali- 
brated for absolute measurement. Calibration is done through 
measurement of the emission spectrum of a black body at a 
known temperature located at the position normally occupied by 
the sample. 


' Numbers in brackets designate References at end of paper. 
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Care must be taken to measure only radiation emitted by the 
sample and not to include that emitted by hot furnace walls or 
stray radiation reflected from the sample. An imaging furnace 
[2] utilizing a suitable radiation source is particularly attractive 
in this application because the heat source is far enough removed 
so that the sample material is heated by radiation only and not by 
convection or conduction. This method of heating the sample 
surface over a limited area overcomes the problem of container 
contamination. The mirror surface and sample-holding mecha- 
nism remain cool and thus do not emit strongly. Reflected radia- 
tion can be eliminated by the use of a shutter that periodically 
shields the sample from the radiation-source heat flux. Radiation 
emitted by the sample is observed only when the heat flux is 
interrupted. 


Instrumentation 


Method of Generating High Temperature. A solar furnace, Fig. 1, 
was used to achieve high temperatures. Radiation from the sun, 
which is effectively a black body at 5800 K, is focused on the 
sample by a 60-in. paraboloidal mirror. The temperature of 
the sample, which depends on the solar flux concentrated on the 
sample, is controlled by the aperture-limiting cylinder, Fig. 2. 


Fig. 1(a) Solar furnace installation, front 
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At full aperture, temperatures as high as 3500 K can be reached 
with this system. 

The principles of solar-furnace operation have been discussed 
in a number of papers [3, 4, 5]. Solar furnaces are being in- 
creasingly used in various installations in this country, and con- 
siderable operating experience has been accumulated, 


Optical System. To carry out accurate spectral emissivity 


Fig. 1(b) Solar furnace installation, back 


measurements, the solar furnace must be modified in such a way 
as to permit introduction of the optical system, shown sche- 
matically in Fig. 3. Radiation emitted by the hot sample is 
periodically interrupted by the shutter and is focused by mirrors 
Mi, Me, Ms, Mg, Ms, and Mg on the entrance slit in a monochroma- 
tor, a Perkin-Elmer Model 83 instrument. 

The rather complicated external optical system, M, — Mg, was 
introduced to magnify the image of the hot zone of the sample 
surface. Since the magnified image is somewhat larger than the 
height of the entrance slits, radiation originating near the edge 
of the hot portion of the sample surface, where a large tempera- 
ture gradient [6] exists, does not enter the monochromator. 


Fig. 2. Principal of operation 
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The monochromator and external optics were mounted on a 
rigid aluminum table fixed to the casting supporting the 60-in. 
paraboloid. Thus the entire system moves as the solar furnace 
follows the sun. 

Shutter. The shutter [7], Fig. 4, prevents solar radiation re- 
flected by the sample from reaching the monochromator. It con- 
sists of a hollow, conical aluminum casting and a rotating cylindri- 
cal tube which is supported by a shaft mounted on the casting. 
The shutter is inserted through a hole in the center of the 60-in. 
paraboloid and positioned so that the edge of the cylindrical tube 
lies near the focal plane of the paraboloid. The tube rotates at a 
rate of 780 rpm. Due to the size of the shutter and forced con- 
vection cooling its temperature remains near ambient and does 
not give rise to spurious radiation. 

When the axis of the tube nearly coincides with the optical 
axis of the mirror, the sample is entirely shielded from solar radia- 
tion. A conventional chopper driven in synchronization with the 
shutter is located directly in front of the entrance slits. It is so 
designed that radiation is admitted to the monochromator only 
when the sample is shielded from the sun’s rays by the shutter. 

Enclosing the monochromator and external optics in a dry box 
reduces the effects of atmospheric absorption on the radiation 
emitted in the infrared portion of the spectrum. The entire 
optical path traversed by the emitted radiation is in dry nitrogen, 
with the exception of the portion extending from the sample sur- 
face to the sodium-chloride window mounted at the small end of 
the conical casting. 

Temperature Measurement and Control. An optical pyrometer 
is used to measure the surface temperature of the sample. Ac- 
curate temperature measurement [8] hinges on reasonably accu- 
rate knowledge of the spectral emissivity at 0.65 micron. 

The spectral emissivity at this wave length is determined from 
measurement of the reflected solar flux and use of the relation 


where r, is the spectral reflectivity. 

The sample temperature was controlled by means of the system 
shown schematically in Fig. 5. As explained earlier, the sample 
temperature is determined by the position of the aperture-limit- 
ing cylinder. Variations in atmospheric transmission and similar 
factors may introduce small changes in the sample temperature, 
but these changes are sensed by the radiation detector R which 
drives the servomechanism that controls the position of the 
aper. -e-limiting cylinder. With this system it is possible to hold 
the suniple tempers ture constant within a few degrees. 

Calibration. A Burnes Model RS-3A high-temperature black- 
body reference standard was used to calibrate the monochroma- 
tor. The black body is so positioned that the opening to the hot 
cavity coincides with the position normally occupied by the hot 
zone of the -vmple surface. Recorded deflections observed in 
obtaining the emission spectrum of the black body can be ex- 
pressed in terms of absolute radiation units, since the emission 
characteristics of a black body are accurately known. 


Conclusions 


The system described is now being used to measure the spectral 
emissivity of solid materials at temperatures as high as 3500 K. 
Studies are being made using a large number of typical construc- 
tion materials including metals, alloys, and refractories. 

The use of an imaging furnace with either the sun or an electric 
arc [9] as a heat source offers several advantages for measuring 
high-temperature radiation properties of solid: 


1 Spurious radiation emitted by hot furnace walls or reflected 
from the sample material is either absent or can easily be ex- 
cluded from the measuring instrument. 


2 The high heat flux (up to 250 cal/em? sec) permits the 
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sample to be brought to the desired temperature level in less than 
a minute, with accurate control of the temperature even at the 
highest levels. 

3 Contamination and reaction of the sample occurring with a 
container is eliminated as the cooler portion of the sample en- 
closes the hot zone which, with no furnace vapor present, is ex- 
posed only to the radiation emanating from the radiation source. 
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